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1. INTRODUCTION 
1.1. Object and Scope 
The object of this investigation is to develop a numerical method for 
determining the static displacements and stresses in certain elastic plates and 
shells based on an integral equation formulation of the boundary value problem. 
The basic singular solutions used are those of plane stress in elasticity and 
I 
of the theory of flexure of plates. In accordance with these theories, the 
plate or shell is assumed to be thin or of medium thickness arid is composed of 
homogeneous, isotropic elastic material. It is also assumed that the displace-
ments and rotations are small) so that linear theories are applicable; that is) 
buc~ing is not considered. 
Although plates and shells are usually treated by separate theories, 
unified IItwo-dimensional"·:.ltheory. The plate can be considered a degenerate flat 
shell and can be treated as a particular case. This unified approach, besides 
being convenient, has the special advantage of allowing solution of a wide range 
of problems (including bending and extension of plates and shells, plates and 
shallow shells on elastic foundation with minor changes in the formulation. In 
fact, es.sentially the same computer progr~m can be used to solve all these 
problems. 
In this study emphasis is placed on treating a wide variety of boundary 
value problems for plates and doubly curved shallow shells which in plan have 
arbitrary, smooth, curved boundaries. For plates both bending and in-plane 
actions are considered. In the shallow shell problems, the curvatures in the 
coordinate (x)y) directions are assumed to be constant. Several problems for 
plates and shallow shells (spherical cap) elliptic paraboloid) hyperbolic 
2 
paraboloid and circular cylinder) with s~uare, circular, and elliptical plan 
form are solved to test the method. Some of these results are given in Chapter 6. 
1.2. General Remarks 
The analysis of plates and shells must fre~uently be undertaken in 
engineering practice. In particular the static boundary value problems of thin 
and medium-thick homogeneous, isotropic, elastic plates and shells are of special 
interest. The problem is to determine the displacements and stresses in a plate 
or shell structure which is subjected to static surface loads and which has some 
sort of restraints (supports) at the boundary edges. The classical idealizations 
in the theories of elastic plates and shells makes it possible for the problem 
to be reduced to the mathematical one of finding the solution to a set of partial 
differential e~uations which satisfies the boundary conditions. 
Despite the large body of work on plate and shell theories which are 
to be found in the literature (for example, see Refs. 1 to 8)) the analytical 
solutions presently available are for simple shapes (rectangular, circular, etc.) 
and fixed, free and simply supported boundaries--boundary conditions which are 
sometimes unrealistic in practice. In the case of shells) the simplified membrane 
theory is often used. In practice, the engineer is fre~uently faced 'with problems 
involving plates or shells composed of anisotropic) inhomogeneous elastic 
materials) with arbitrary boundary shapes including openings) and with varying 
thickness and practical boundary conditions which are more complex than those 
capable of being handled by most analytical methods presently available. Although 
the governing e~uations for such problems ca~ be formulated with little difficulty, 
it seems futile to attempt to find exact analytic solutions; one can only hope to 
obtain approximate solutions. 
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As the problems facing the structural engineer become more complex 
and as large high-speed electronic computers are becoming increasingly available, 
the emphasis is currently on the development of approximate numerical methods 
for analyzing plates and shells. 
1.3. Remar kg on A pproxima te Methods 
The approximate methods for solving boundary value problems of elastic 
plates and shells that are currently available can be classified as follows: 
a. Methods based on the mathematical approximation of the 
governing differential eQuations for the problem. The 
finite difference procedure is a notable example of this 
* approach. Noor [9] and others have used this method in 
the analysis of doubly curved shallow shells. There is 
a great amount of literature [10,11,12] on the application 
of finite difference approximations to the solution of 
partial differential eQuations. 
b. Methods involving the solution of physical approximations 
of the real structure. Since the late 1950's the finite 
element method has gained wide usage. In the finite 
element approach the structure is regarded as a finite 
system of interconnected elements, usually triangular or 
rectangular in shape. Clough [13] has shown that the 
finite element procedure does not necessarily converge 
to the correct solution as the number of elements is 
increased. Some representative studies in this area can 
be found in Refs. [13,14,15]. Other physical approximation 
* Numbers in brackets denote entries in the List of References. 
4 
methods by Newmark [16], Schnobrich [17J, Ang [18], and 
others have considered the plate or shell as a lumped 
parameter system in the form of a lattice of rigid bars 
whose joints simulate the elastic behavior of the real 
structure. This approach gives a physical interpretation 
to a finite difference approximation procedure. 
c. Methods in which governing equations are approximately 
satisfied according to some extremum principle. These 
methods can be divided into three categories. First, 
there are the methods in which functions that satisfy 
some or all boundary conditions exactly are combined 
linearly to give an approximate solution to the governing 
differential equations .. Included in this category are 
the variational methods of Galerkin, Ritz [10] and 
Kantorovich [19J. These methods are especially suited to 
problems involving fixed or simply supported rectangular 
boundaries. For more complex problems, they are of 
doubtful usefulness because of the difficulty of choosing 
the approximating functions. In the second categories 
are the point-matching meth~ds [20,21] in which the 
boundary conditions are satisfied only at discrete points. 
Finally, there are methods in which both the differential 
equations and boundary conditions are only approximately 
satisfied [3]. In these methods, there is greater freedom 
in the choice of the approximating functions compared with 
the other methods, but larger systems of equations result. 
In Refs. [20,22,23] some of these methods have been 
used in the solution of plate and shell problems. 
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d. Methods involving the approximate solution of integral 
equations. The governing differential equations) along 
with the associated boundary conditions) is transformed into 
integral equations which) from a numerical standpoint) can 
be approximated more reliably than the differential 
equations and boundary conditions. Approximate integral 
equation methods are similar to the point-matching pro-
cedures mentioned above since the approximating functions) 
i.e.) the kernels of the integral equations) in general 
satisfy neither the governing equations nor the boundary 
conditions. Relatively little work has been done on the 
integral equation approach in the area of plates and shells 
compared with the other methods. Section 1.4 contains a 
brief historical survey of the use of integral equation 
methods for solving elasticity problems. 
Most approximate methods applied to linear problems in elasticity result 
in a fairly large system of linear algebraic equations which can be readily solved 
with the aid of the ~lectronic computer. However) the character (conditioning, 
bandedness, etc.) of these equations and hence the amount of computations and 
the numerical reliability of the solution may vary considerably, depending on the 
method and on the nature of the problem being solved. Moreover) in many of the 
methods in the first three approaches some types of boundary conditions may be 
difficult to satisfy. With increased emphasis in the future on parallel 
computation techniques in electronic computers) many of the current numerical 
procedures may involve some difficulties aristng from the many untypical computa-
tions necessary at or near a boundary. In this regard the integral equation 
approach holds some promise, since exactly the same computations are m~de at each 
point. 
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1.4. Comments .on Integral Equation Methods in the Theory of Elasticity 
According to Love [1], the integral equation method elmethod of 
singularities II) was first applied in the classical theory of elasticity by 
Betti in 1872. Further work was done in this area by Somigliana in the 1880 1 s. 
At about the same time Cerruti applied the method to plane elasticity problems. 
A treatment of biharmonic.problems by means of the classical Fredholm integral 
equation theory is included in works by Muskhelishvili [24], Mikhlin[25J and 
others. 
The methods for formulating elasticity problems in terms of integral 
equations closely parallel those in potential theory [26J. Betti Y s Law in the 
theory of elasticity plays the same role as Green's second identity in potential 
theory) and Somiglianais integral of classical elasticity corresponds to Green's 
third ident~ty. In fact, the elastic potentials, as the line and surface 
---integraJ::s-tn--the--integraJ::-equations--for-elast-ic±ty-probl-ems-a-re---cal-l-edt27]-, 
behave much the same way as ordinary potentials [28]. The general elasticity 
problem, which is to determine the displacements in the interior of an elastic 
body when the body forces and certain boundary values are prescribed, is solved 
in the Somigliana approach by avplying Bettits Law to the actual state of stress 
and the states of stress arising from the Kelvin fundamental solutions [29]. 
This approach has been used for the "two-dimensional" problem in a 
number of investigations. Of special note are Kupradze1s work [27J on the in-plane 
plate problems and the treatment of shells by Kil!chevskiy [5] and by Vainberg 
and Siniavskii [30]. Some of the other integral equation methods that have been 
used to solve boundary value problems are dis.cussed in Chapter 4. 
1.5. Outline of Method of Analysis 
The analysis involves the following steps: 
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a. . Determining the governing equations and the expres·s ions for 
stress-resultants and boundary tractions in terms of dis-
placements. 
b. Obtaining certain basic singular solutions of these equations 
and the associated boundary tractions, displacements and 
surface loads. 
c. Forming the integral equations for the general solution which 
satisfies the governing equations and boundary conditions of 
the real structure. 
d. Developing a numerical scheme for reducing the integral 
equations to a set of algebraic equations. 
The equations of Vlasov shell theory [4J are used; these are given 
in Chapter 2. The method of formulating the integral equations for the problem 
_ .... _._ .. _ .. - ._ •..... _ ....• _ ..•.... _ ..•... _ ... _ .. - _ ... _ ... _ .._ ..._ .. _ ... _ ..... _ ......... _ ... _ .... - ........ _ ...•.................•.• 
is derived in Chapter It is based on Betti's Law, that is, on the reciprocity 
relationship which exists between the actual state (, stress and certain 
auxiliary ODeS. This prOCedure is similar to Somigliana's method [1,29] lD 
classical elasticity. In Chapter 3 four auxiliary states of stress are derived 
which give the quantities used· as kernels of the integral equations. These 
auxi~iary fields are the stress resultants and displacements which result from 
the application of point loads (three coordinate forces and a couple) at a 
point in a plate. These fundamental solutions satisfy the homogeneous dif-
ferential equations of the plate everywhere except at the point of singularity 
(point of application· of the loads). Because the fuhdamental solutions for the 
shells are unwieldy, the auxiliary displacement fields for plates are also used 
for shallow shells. 
The singular integral equations which result from this procedure are 
approximated by a finite set of algebraic equations in the unknown boundary 
8 
values at selected discrete points on the boundary (and in the interior in the 
case of shells or plates on elastic foundations). The approximating technique, 
as well as a procedure for computing the stress resultants at interior. points 
once the boundary values are determined, are developed in Chapter 5. 
1.6. Nomenclature 
The symbols used in this study are defined in the text when they 
first appear. For convenient reference, the more important symbols are 
summarized here in alphabetical order. Some symbols are assigned more than 
one meaning; however, in the context of their use there are no ambiguities. 
a,b 
a ,b 
o 0 
A,B 
A .B 
0" 0 
.A .. , B .. lJ lJ 
[A],[B],[C],[D] 
c 
= 
(1- )2 
elastic constants, a = 3 V , 
-v 
b = 2 l+V 
I-V 
parameters defining geometry of planforms 
= general points on mid-surface of a plate or shell; 
A is in region D and B is on the edge L 
= metric coefficients for mid-surface of shells 
th 
area of the k surface element 
points of sin~~larity of the auxiliary states of stress, 
A in D and B on L 
a 0 
line integral of traction and displacement kernels on 
a circle (Table 13) 
interpolation coefficients (Table 11) 
matrices derived from the approximations of kernels, 
Eqs. (5.39) 
th functional defining the k boundary condition 
extensional rigidity, C Et 
--2 
I-v 
elastic and geometric constants defined in Eqs. (B.l) 
C' 
e p 
d 
D 
D 
D 
E 
Dr 
[DJ ,Do. lJ 
[eJ,e .. lJ 
E 
f, ,g. 
l l 
F, 
l 
(F} 
G, . lJ 
[ G] 
h' 
H 
= 
9 
d 'f' d t ' I "d't e' (l-VtEt mo l le ex enSlona rlgl l y, = (l+v) 3-v) 
quadrature error coefficients referred to in Section 5.8. 
th 
value of an improper surface integral on the p element 
ratio of flexural to extensional rigidity) d = D/e = t 2/12 
elastic coefficients in kernels for shallow shells, 
Eqs. (B.I) 
flexural rigidity, D 2 12(I-v ) 
domain of a plate or shell mid-surface 
circular sub-region of Dj radius = E 
complement of D 
E 
differential operators for the governing equations for 
plates and shells, Tables I to 4 
matrix which transforms the local cartesian coordinates 
to a global one 
errors of approximations of line and surface integrals 
Young's modulus of elasticity 
error of approximation for N node points 
known or unknown analytic functions 
Ilrst type of elastic potentials of surface 
distributions, Eq. (4.8) 
free vector of the matrix equation of the boundary value 
problem 
kernels of the integral equations, Eq. (5.7) 
= matrix of coefficients in system of equations for 
a plate or shell problem 
spacing of node point on the boundary 
h/2a 
o 
average curvature, H 
R(s) 
J . . ,K .. lJ. lJ 
k 
£.,m 
P. ,m 
o 0 
L,L. 
l 
L· 
E 
M ,M t n n 
A-
n 
N 
N 
N' 
N 
c 
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= f.G, product of density function and kernel 
approximate values of surface and line integrals 
traction and displacement kernels of the integral 
equations, Appendix B 
shell curvature 
principal curvatures 
stiffness coefficient for elastic foundation 
Gaussian curvature, K = ~ . k2 
A-
direction cosines of the normal n 
A-direction cosines of the normal V 
bounding curves lying on the mid-surface 
bounding curve of the region D 
E 
}):ern~ls of integrals for determining stress resultants 
bending moments per unit length on coordinate lines 
= twisting moments 
bending and twisting moments on L 
A-
outward normal at a point B on L; n lies on the plane 
tangent to the mid-surface at B 
number of unknowns in the matrix equation (5.41) 
order of approximation of functions near point of 
singularity 
number of unknown point values in actual problem 
= number of independent rigid body displacements possible 
when tractions are specified on L 
= number of node points in D and on L 
membrane forces in coordinate directions 
membrane shears 
r,r .. lJ 
R 
R 
o 
"'-
R ,R ! 
o 0 
t 
A 
t 
T. 
J 
T,U 
u,v,W 
U. 
J 
V. 
l 
V 
n 
11 
= ~uantities dependent on r, defined in Eqs. (B.2) 
components of surface load in the coordinate directions 
transverse shears. on coordinate lines 
transverse shear on L 
resultants of auxiliary stress state 
value of integrals of displacement kernels ~3,K43 
for a circular region 
= distance between two points in the region D + L 
dimensionless parameter r/constant 
A 
derivatives of r with respect to x,n, etc. 
radius of parallel circle for shells of revolution 
= radius of curvature of a cylindrical or spherical shell 
= 
. transverse force on element at point of discontinuity 
of tangent 
arc length on the boundary L 
total length of the curve L 
stress resultants (N ,N ,N ,Q ,Q ,M ,M ,M ) 
. x y xy x-y x y xy 
thickness of the plate or shell 
= tangent to the boundary L at point B 
modified bounda~j tractions and displacements 
for shells, E~s. (2.36) 
displacement components in the coordinate directions 
displacements (u,v,w,8 ) 
n 
second type of elastic potentials of surface 
distributions 
Kirchhoff shear 
x,y;x ,Y 
o 0 
x,y,z or 
xl ,x2 ,x3 
X,Y,Z or 
xl ,X2 ,X3 
z. 
l 
Z 
0 
a,{:3 
a 
0 
a,~)al ,~T 
s 
Y ,Y i 
[r];r ik 
rCo) 
ik 
* r ik 
5 
5 
5 .. lJ 
5<p. 
l 
6V. 
l 
} 
} 
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coordinates of points A and A 
o 
local cartesian coordinates of the mid-
surface of a plate or shell; z is normal 
to the mid-surface 
= coordinates of the mid-surface 
unknowns in the system of e~uations for the boundary 
value problem 
= maximum rise of shallow shell 
= orthogonal shell coordinates 
angle defined shown in Fig. 14 
coefficients for the expansion of kernels J and K 
in series about the point B 
exponent of h in error terms of ~uadrature formulas 
= elastic constants appearing in kernels (see Appendix B) 
matrix of auxiliary surface loads for shells 
point loads for auxiliary states of stress for plates 
distributed residual loads, r~k = r ik - ri~) 
~uadrature interval near singular point 
deviation of the shell mid-surface from its 
tangent plane, Fig. 15 
the Kronecker delta, 6 .. lJ 
singular part of the line integral <P. 
l 
= two dimensional dilatation, 6 
element in D containing the singular point p 
singular part of the surface integral V. 
l 
E 
8"cp,w 
e,cp 
e 
n 
~. 1. 
v 
A 
V 
p 
p 
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= radius of the circular region D , Fige 14' 
E 
= membrane strains 
= 
= 
coordinates of B relative to B 
o 
angles shown in Figs. 14 and l7a 
spherical shell coordinates 
change in normal slope at mid-surface at the edge, 
e 
n, 
2M 
dn 
curvature of boundary at jth node 
changes in curvatures of mid-surface of shells 
curvature ratio,. ~ = k2/~ 
= singularity coefficients 
't d f . t loads l'n the 1..th '1 . f' Id magn1. u e 0 pOln auxl_lary 1.e 
elastic constants, EQs. (B.l) 
Poisson/s ratio 
= outward normal at point B on L 
o 
kernels of integrals for determining stress resultants, 
defined in Appendix B 
= projection of r onto tangent plane, Fig. 15 
cylindrical coordinate R e 
o 
stresses 
tangent to L at B 
o 
elastic potentials of line distributions 
rotation of element on mid-surface 
the Laplace operator in two dimensions 
14 
denotes vector f 
denotes matrix f 
~uantity f in the ith auxiliary field 
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2. A BRIEF REVIE"w OF THE THEORIES OF PLATES AND SHELLS 
2 .1 G General Remarks 
In the classical theory of elasticity, the stress analysis problem, 
that of determining the displacement and stress field in a structure, is 
reduced to finding the solution of one or more field (differential) equations 
which are derived for the structure on the basis of some simplifying assump-
tions and approximations. The solution also has to satisfy certain boundary 
conditions for the structure, in accordance with the basic equations of the 
three-dimensional theory of elasticity. In general it is quite a ,formidable 
task to find the solutions to the governing equations which satisfy the boundary 
conditions for a given problem. 'In many problems encountered in practice, the 
geometry of the structure is such that with the proper choice of space 
coordinates, the displacements and stresses depend only on two space variables. 
The plate and shell problems being considered in this work belong to this class 
(see Fig. 1 and 2). Special theories have been developed for these problems, 
starting with the equations and relationships of classical three-dimensional 
elasticity. 
In the following sections of this chapter, the additional assumptions, 
governing equations and boundary conditions of plate and shell theories are 
discussed. The components of displacement (u,v,w) in the coordinate directions 
are used as the basic behavior variable for the plate or shell, the stresses 
and boundary tractions being derived from the displacement field. 
2.2. Plate Theory 
The assumptions, governing equations and boundary conditions of 
elastic plate theory governing both inplane and bending behaviors are well 
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documented in the literature [lJ,[3]. These are given here for·convenience. 
Figure 1 shows the coordinate system and quantities associated with the general 
plate problem. 
Assumptions 
Let us consider a plate of constant thickness t, whose middle surface 
lies in the x,y plane so that the z axis denotes the normal direction in the 
undeformed state. For plate theory the following assumptions are made: 
1. The thickness is small· compared with the other dimensions 
of the plate. 
2. The displacements are small compared with the thickness 
of the plate. 
3. Linear elements normal to the undeformed mid-surface remain 
straight and normal to the defo~ed mid-surface. 
4. The effect of the normal stress in the direction normal 
to the mid-surface is negligible; that is, linear elements 
normal to the mid-surface are considered unstressed when the 
plate is loaded. 
Governing Equations 
On the basis of the above assumptions the displacements of a general 
point in the plate is given by [8]: 
dW 
u u - z dX 
dw (2.1) v v - z dy 
2 (?lw + d2W) ] w - -L [ZLI + z w 2 I-V dX2 dy2 
where u,v)w are the components of the displacement of a point on the middle 
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surface in x·,y,z directions, respectively, (see Fig. la); V is Poisson's ratio 
and b. is the two dimensional dilatation, 
E<luilibriume<luations in terms of displacements 
By substituting E<ls. (2.1) into the e<luilibrium e<luations of the 
three dimensional theory of elasticity, the following governing e<luations are 
obtained for plates: 
~ l+v e (dV eu 
Vu + 2· dy dx - "2i,j) 
where G is the·extensionaJ rigidity, 
D is the flexural rigidity, 
D 
Et 
·c ---2 l-v 
and if is the Laplace operator in two dimensions} 
o 
o (2.2) 
o 
The <luantities P1 } P2 and P3 are the components of the applied load in x, y and 
18 
z directions,. respectively. The quantity E is Young's modulus of elasticity 
of the material. 
stresses in terms of displacements 
The components of stress in planes parallel to the mid-surface 
expressed in terms of displacements are: 
a 
x 
a y 
'T 
xy 
= 
E2 [~+ v g - z(clw + v 02W)] 
l-v ax oy dx2 ?Jy2 
E [Clv + ilu 02 02 ] 
--2 ?Jy V dX z (--1!... + V ..-1!..) 
l-v ?Jy2 dx2 
E [ilu Ov· 2 02w J 
2(1+v) ?Jy + dX - z 'dx'dY 
Stress~resultants in terms of displacements 
The stress-resultants are derived from Egs. (2.3) as follows: 
The integrations are carried out through the thickness, i.e., from z = -t/2 to 
z = +t/2. The quantities eN ,N ,N ) and(M ,M ,M ) are forces and moments 
x y xy x y x:y 
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respectively.per unit of length on the ~oordinate lines of the plate as shown 
in Fig .. 5. 
Equilibrium equations in terms of stress-resultants 
The equilibrium equations (2.2) expressed in terms o~ the stress 
resultants are: 
eN ON 
x ~+ Pl ~ + o 
ON eN 
-25i.. + dX # .+ P2 o 
dQl eQ2 
+ P3 dX + '2iY o (2.5) 
dMl dM12 
dX + --Q 0y 1 o 
dM12 dM2 
- Q --+ dif dX 2 o 
The quantities Ql' Q2 are the transverse shears (see Fig. 5b). 
Boundary tractions 
Let us consider the equilibrium of a boundary element of the plate 
A 
who"se outward normal n makes an angle a with the positive x axis, Fig. 7. The 
bou~dary tractions can be expressed in terms of the stress resultants as: 
= N cosa + N sina 
x xy 
= N cosa + N sina X'J y 
Qn = Qxcosa + ~sina (2.6) 
M = M cos2a + M sin2a + M sin2::X 
n x y xy 
Mnt = M cos2a + (M -M )sin2::X 
xy y x 
where Tl , T2, Qn are the components of the boundary force in the x,y,z directions 
respectively, and M ,M t are the normal and twisting moments on the boundary. 
n n 
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The boundary tractions can be expressed in terms of displacements by 
substituting E~s. (2.4) into (2.6): 
Tl C [(~ + V g;)cosa l-v (Cru dV). l + -- 2i + dX slnaJ 2 
T2 C [ (g; + V ~)sina l-v (: + ~)cosaJ + --2 
~ -D fn (if-w) (2.7) 
d2 d2 M -D(~ + V ~) 
n dn2 dt2 
Mnt 
d2 
-D(l-v) 2}n~t 
In plate theory there are only four independent tractions on the 
boundary. It has been demonstrated that the five "exposed' ! boundary tractions 
can be reduced to four by combining ~ and Mnt to give the Kirchhoff shear, 
v [1,3], 
n 
V 
n 
(2.8) 
where s is the arc length on the boundary. Thus the four independent boundary 
tractions of plate theory are Tl , T2 , T3 and T4 corresponding to the four dis-
placements Ul , U2 , U3 and U4, respectively. The ~uantities (T} and (U} are the 
generalized traction and displacement vectors, respectively, on the boundary 
and have components: 
(T} - (Tl ,T2;Vn ,Mn ) 
[U} dw 
- ( u, v , w" - dn) 
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It is well-known that in the small deformation theory of plates, the 
transverse (bending) behavior and the in-plane (extension) behavior can be 
treated separately. This is evident from the fact that the governing e~uations 
(2.2) are uncoupled with respect to the transverse and in-plane displacements. 
In the following sections the two behavior modes are treated separately. 
2.2.1. Plate Extension 
If the loads and boundary values act only in directions within the 
plane of the plate (Fig. 3) then the governing e~uations are given by 
E~s. (2.2 a,b). 
ifu + 
-fv + 
or in vector form 
where w. are the rotations, 
l 
l+v ~ (dV 
2 dy dX 
l+v d 
2dX 
(dU _ 
dy 
-w 1 
dU) Pl 0 +-= dy c 
dV) + P2 0 dx c:: 
o 
(2.2a, b) 
(2.10) 
Equations (2.2a,b) are two second order differential e~uations in the displace-
ment components u and v. As shown in Figs. 3 and 5a, the ~uantities associated 
with the plat~ extension problems as functions of the mid-surface coordinates 
(x,y) are: 
22 
displacements U, = (u-,v) 
l 
surface (or body) loads p, (PI JP2) l 
stress-resultants Sk (N N N ) x' y' xy-
boundary tractions T. (Tl ,T2 ) l 
(i 1,2; k 1,2,3) 
The extension problem for plates is often formulated in terms of the 
Airy stress-function which results in a single governing equation having the 
same biharmonic character as that for the problem of plate flexu~e (Eq. 2.2c). 
Such a formulation is of no advantage in the method which will be used and, as 
will be seen in Chapter 3, it is desirable to work directly with displacement 
fields. Therefore, Eqs. (2.2a,b) are used as governing equations for the plate 
extension problems. 
2.2.2. Plate Flexure 
Under the assumption of small deformation plate theory Eq. (2.2c) is 
the governing equation for the flexural behavior of the plate, 
= P3 
D (2.2c) 
where 94 is the biharmonic operator vF(yF). The load is assumed to be in a 
direction normal to the mid-surface of the plate. Equation (2.2c) is a fourth 
order differential equation in the transverse displacement w which is a function 
of x and y. Figures 4 and 5b show the quantities associated with the plate 
bending mode. They are: 
displacements U. = (w l , 
surface load 
stress-resultants 
boundary tractions 
2.3. Shell Theory 
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T. 
l 
(i 
(Q ,Q ,M ,M ,M ) 
x Y x Y xy 
(v ,M ) 
n n 
3,4; k 
Many investigators, notably Love [1], Flugge [6] and Vlasov [4]) have 
developed shell theories from the three-dimensional theory of elasticity. These 
theories are generally based on the same assumptions made in plate theory 
discussed in Section 2.2. In the integral equation method for solving shell 
problems to be developed in Chapter 4) it is necessary to have a shell theory 
that is consistent with Betti1s Law of work reciprocity. This is not the case 
for some of the shell theories to be found in the literature. The linear theory 
of shells formulated by Vlasov which satisfies the above requirement will be 
used. The equations and relationships of the Vlasov theory derived 'in the 
curvilinear coordinates of the shell of general shape are given in Section 2.3.1. 
However; the analysis will be carried out primarily for doubly curved shallow 
shells. The shell coordinates for these types of shell and for shells of 
revolution are readily defined, as shown in Figs. 8, 10 and 11. 
2.3.1. Shell Equations in Orthogonal Curvilinear Coordinates 
Let us consider a thin elastic shell of constant thickness t, whose 
middle surface is defined by the orthogonal curvilinear coordinates a and ~. 
The a and ~ lines are lines of principal curvature of the reference surface 
which is taken as the middle surface of the shell (see Fig. 2). The mid-surface 
can be represented parametrically as 
z (2.11) 
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where X, Y and Z are the cartesian coordinates of a point on the mid-surface. 
We have the following relationships from the classical differential geometry 
of surfaces [3lJ: 
2 "'2 2 "'2 2 ds = A da + B dj3 
(2.12) 
dD = ABdadj3 
where ds and dD are differential elements of arc length and of area, respectively, 
f Th t . t . A"'2 d "'2 h' h on the mid-sur ace. e quan l les an.B, w lC are in general functions 
of ex and j3, are the metric coefficients of the first quadratic form. 
Governing equations 
Vlasov [4] and other authors have shown that with the assumptions of 
thin shell theory, the equations of elasticity are reduced to the equations 
summarized below. 
Equilibrium equations in terms of displacements 
1 d6 [1 dX k2 dW 
-;: di - (I-v) -;: ~ + -;:;- 2a 
A B A 
1 d6 (1 ) [lOX . ~ Ow K J ;::;-($"- - V ;:: d:x + -;::;- dt3 - v 
B A 13 -
2H6 - [1 0 ~ 1 d (I-v) AB 2a (Bk2u) + ;::;:: ~ AB 
o 
P2 
0 + - = C 
(Ak2v) + 2KWJ 
where the quantities in these equations are defined as follows: 
the dilatation 6 and rotation X of an element of the 
reference surface of the shell, 
(2.14) 
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. 1 [a - a - ] x = 2AB (xx (Bv) - a~ (Au) 
the two-dimensional Laplace operator in orthogonal curvilinear 
coordinates) 
_2 1 r a B a a A a J v = - I ~ (- "'=") + ~ (- ~) 
I"oJI"oJ Leu - cu o~ - o~ AB A B 
(2.15) 
the Gaussian curvature and average curvature at a point on the 
mid-surface, 
(2.16) 
The ·quantities kland k2 are the principal curvatures on the a·and f3 coordinate 
lines) respectively. The quantities (Pl,P2)P3) and (u,v)w) are the components 
of the surface load vector and of the displacement vector, respectively, in the 
coordinate directions (ex)~,z). The z line is normal to the mid-surface, the 
positive direction being defined according to the right-hand rule. The other 
quantities in Eqs. (2.13) are as defined previously. 
Equations (2.13) form a set of three differential equations in the 
displacement components u, v and w as functions of the surface coordinates a 
and~. Equations (2.13) show that in shell theory the bending and membrane 
actions of the shell are coupled due to the effect of curvature. Equations (2.13) 
reduce to the plate Eqs. (2.2) if the curvatures kl and k2 are taken to be zero 
and ex and f3 are taken as the cartesian coordinates x and y of the plate. 
All the deformation components and internal forces of the shell can 
be expressed in terms of the displacements u, v and w which are considered here 
as the basic behavior functions in the anl::llysis. 
26 
Equations for strains and change in curvature in terms of displacements 
The membrane (extensional deformations of the mid-surface is given 
by the following expression: 
12m IdA ~w El = ;:::; d:X + ;::::- dB + 
A AB!3 
1 dV 1 dB 
k2 (2.17) E2 ---+--+ w 
- '" d!3 r-Jf'J CP 
B AB 
where El and E2 are the normal strains and E12 the shear strain. The bending 
deformations due to change in the curvature of the mid-surface are: 
[
1 d 1 (jw 1 dB 2Jw] 
- -::; d!3 (-::; ~) + "'2'" di di 
B B A B 
(2.18) 
whe~e Kl and K2 are changes in curvature of the mid-surface in the a and !3 
coordinate directions and K12 is the twist of the deformed mid-surface. It 
should be noted that ~h:::: curvature changes.? expressed here as functions of w 
only, are first approximations. The curvature changes resulting from the 
tangential displacements u and v are small compared with those resulting from 
the transverse displacement w. 
Eguations relating stress resultants to displacements 
The stress resultants can be expressed in terms of the displacements 
by substituting Eqs. (2.17) and (2.18) into the following force-deformation 
relationships: 
27 
(i) membrane normal and shearing forces 
(ii) transverse shears 
l-v 2 CE12 
Q1 D ~ c:; ( Kl + K2 ) 
1 d . 
D ~ dl3 (Kl + K2 ) 
(iit) bending and twisting moments 
(2.19) 
(2.20) 
(2.21) 
The sien:: conventions used in defining the eight stress resultants Nl ) N2 , N12 , 
Ql' Q2' Ml , M2 and M12 are given in Fig. 6. In the derivations of the shell 
equation) the duality of shearing forces and of twisting moments is assumed, 
that is) 
(2.22) 
Equilibrium equations in terms of stress resultants 
The governing equilibrium Eqs. (2.13) can be written in terms of the 
stress resultants with the aid of the force-displacement relationships, 
Eqs. (2.17 to 2.21), 
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dB d '" 
,..., d ~ dA "',....., 
Ca (BNl ) - N d:i+ df3 (AN12 ) + N12 ~+ A B PI 0 2 
d '" ?J.'"i.. d '" dB r-J,....., 2$" (AN2 ) - N ~+ di (:J3N12) + N12 di + A B P2 0 1 
-AB(klNl + k2N2 ) + 
d r-.J d '" I"V ("oJ Ctt (BQl) + ~ (AQ2) + A B P =0 3 
d ('" ') dB d (n 1 dA ,..., '" 
Ca ,:EMIl M -.- -l- df3 '·~12/ + M12 d{3 - A B 0 0 ·'"2 Ca' '-Ill 
d r-J dA d '" dB r-J r-.J (2.23) ¥ (AM2 ) - M d{3 + Ca (BM12 ). + M12 to - A B Q 0 1 2 
Equations (2.23) are simply the conditions that all the forces and moments 
acting on an isolated element of the shell (Fig. 6) are in equilibrium. 
2.3.2. Shallow Shells 
For shallow shell analysis) the assumption is made that the geometry 
of the shell structure is such that the deviation of the mid-surface from a 
plane is small compared with its projected dimensions on this plane. If, for 
example) a structure of rectangular plan form (a x b, a > b) is covered by 
a shell with a rise of not more than a/5, then such a roof would be in the 
catego~ of shallow shells [4J. Obviously slightly curved plates belong to this 
catego~. In addition to the assumption of shallowness) the assumptions and 
approximations of the general theory of thin shells discussed in the preceding 
section are made for shallow shells. 
As a consequence of these assumptions, certain approximations can be 
made in the analysis of shallow shells: 
1. The coordinate lines of the mid-surface of the shell are taken 
to be those lines whose projections. in plan are the x and y 
line of the cartesian coordinate system, Fig. 8. 
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2 .. The square of the slope of the mid-surface along coordinate 
lines are negligible compared with unity, 
(dZ)2 « 1 dX ' (dZ)2 « 1 dY , 
dZ dZ « 1 
dX dY (2.24 ) 
3. In the first fundamental form for the shell reference surface 
the coefficients A and B can be taken as unity, 
4. Order of magnitude considerations allow certain terms in the 
expressions of the analysis to be discarded. 
These approximations mean that the geometry of the shallow shell is 
essentially the same as that of its projection on a plane. Some investigations 
concerning the validity of the assumptions and approximations made in the 
analysis of shallow shells can be found in the literature [4,35,37J. No attempt 
is made here to justify these approximations. 
Geometry of shallow shells 
Consider the class of shells described by the quadratic equation: 
(2.25) 
where x,y and Z are the cartesian coordinates of points on the mid-surface of 
the shell and a., b. and c are constants. The surface is bounded by the space 
l l 
curve L which projects into the plane curve L' in the x,y plane. 
The x,y coordinates can be chosen so that Eq. (2.25) has a symmetric 
form without loss of generality, 
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Z(x,y) 
(2.26) 
where ~ and k2 are the principal curvatures of the mid-surface along the 
coordinate lines x and y respectively. The quantity A is the curvature ratio 
k2/~' Equation (2.26) represents a wide range of shell shapes used in 
practice for roof structures. Depending on whether A is positive, zero or 
negative, Eq. (2.25) represents an elliptic paraboloid, parabolic cylinder or 
a hyperbolic paraboloid. Some special cases investigated in this work (Fig. 9) 
are: 
(i) Paraboloid of revolution (A = 1, k 1= 0), In shallow 
shell theory this shape is indistinguishable from the 
spherical cap (dome). 
(ii) HYperbolic paraboloid (A = -1, k 1= 0), 
(iii) Parabolic (circular) cylinder (A = 0, k 1= 0). The 
generators are y coordinate lines. 
(iv) Plate (A = 0, k = 0). 
The distance between two points (x,y,z) and (x ,y ,x ) on. the mid-surface is 
. 0 0 0 
given by 
r [ ~2 + ~2 k2 ( 2 2)Jl/2 ~ 'j + 4 g + AT) ~ p (2.27) 
where 
From the shallow shell approximations it can be assumed that the normal to the 
boundary edge lies in the x,y plane. 
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Governing E~uations 
The governing eQuations for shallow shells are derived from the 
general shell eQuations given in Section 2.3.1 by making use of the approxima-
tions of the shallow shell theory given in this section. These eQuations have 
been derived by many investigators. The Vlasov eQuations [4J are given here 
without derivation. 
EQuilibrium eQuations in terms of displacements 
2 1 d d Cru. . dw PI 
'\ru + +v - (.-::!.. - "'S::"o ) + (1 + vt-.)k ~x + -C = 0 2 dY dX u~ 0 
2 1 + d d dV) dw P 2 
v v + 2 V ox (-; - dX + (V + A) k dy + e- o 
Cru. d 2 2 t 2 ~-~ p 3 (l+vA)k dX + (v+A)k ;;. + (1+2vA+A )k w + 12 V(vw) - C = 0 
(2.28) 
where (u;v;w) and (Pl,P2,P3) are the components of displacement and external 
surface load respectively in the x,y and normal coordinate directions, z. 
EQuations (2.28) show that the membrane and bending actions of shallow shells 
are coupled by the effects of its curvature unlike the case in plate theory 
(EQs. 2.2). 
Stress resultants in terms of displacements 
The expressions for the stress-resultants given in EQs. (2.19) to 
(2.21) in accordance with the simplifications of shallow shell theory become: 
Nl C [dli + dX V d l ;;. + k(l + VA)W~ 
N2 c [dV + dU k(V +A)W] dY v'dX+ 
N12 
I-V [dli + dVJ -c 2 '2ii dx 
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Ql = -D d~ (,if-w) 
-D ! (if-w) (2.29) Q2 
Ml = -D [6
2
W + d
2Wl 
dX2 v dy2J 
M2 r62 62 ] -D ~ + v ~ 
._-dy dX 
M12 
d2 
-(l-v)D dX~Y 
The quantities and symbols of Eqs. (2.29) have the same definitions as in 
Section 2.3.1. Equations (2.2.8) and (2.29) form a system of eleven equations 
in eleven unknowns that completely describe the behavior of a shallow shell 
under static surface loading. This system of equations is the same as that 
given for plate theory except for the effect of the shell curvature which 
appears in these equations as terms involving k. The shell curvature provides 
the means by which the membrane and the bending actions of the shell are 
coupled. 
According to the approximations of shallow shell theory, if there is 
no 'lateral displacement (w = 0), 
However, by a more "exact" shell theory [4], if only the membrane displacements 
(u,v) are allowed these quantities have the values: 
2 [ dNl dN12] Q = kt A - + -s:::--1 dX u~ 
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Ml 
kt2 
12 tJifl (2.30) 
M2 
kt2 
12 N2 
2 
M12 kt (1 + I-.)N12 2l+ 
where Nl , N2 and N12 are the membrane stress resultants given by Eqs. (2.4). 
Equilibrium equation in terms of stress resultants 
For shallow shells Eqs. (2.23) becomes: 
dNl dN12 
+ Pl 0 --+ 2iI + ~Ql = dx 
dN12 dN2 
+ P = 0 --+ '(if + k2Q2 dX 2 
dQl dQ2 
(klNl + k2N2 ) + ~ + dy + P3 
dMl dM12 
dX + 2iI - Ql 
dM12 
~+ dX 
2.4. Boundary Conditions 
o 
o 
o 
The solutions of the governing differential equations of equilibrium 
for plate theory, Eqs. (2.2), and for shell theory, Eqs. (2.13), have to 
satisfy certain restrictions on the displacements and tractions along the edge 
of the plate or shell. Physically this means that a solution must conform to 
the support conditions of the structure. The boundary conditions are merely 
mathematical idealizations of the actual physical conditions at the boundary. 
The boundary conditions dominate the character of the solution of problems for 
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which differential eCluations are of the elliptic type as is the case for plate 
and shell problems. From an analytical standpoint, the main difficulty lies in 
finding solutions to the eCluilibrium eCluations which satisfy the boundary 
conditions exactly. Most approximate analytical and numerical methods in 
current use are based on straight boundaries and simple boundary conditions. 
Usually difficulties are encountered in the solution of problems involving 
arbitrarily curved boundaries. The boundary conditions of some practical 
interest are briefly discussed in this section. 
It was pointed out in the discussion of plate theory that only four 
boundary conditions can be imposed although there are five pairs of Cluantities 
(tractions Tl , T2 , Qn , Mn' Mnt and the corresponding displacements u, v, w, 
~:, . :) "exposed" on the boundary. This apparent discrepancy is rectified by 
the use of the concept of Kirchhoff shear [lJ, 
V 
n (2.32) 
Gol'denveiser [7] has shown that in addition to this reduction, the membrane 
tractions have to be modified to take into account the effect of the curvature 
of the shell along the boundary. Let us consider the shell boundary edge whose 
,A. 
normal n, at the mid-surface, makes an angle e with the a coordinate line 
(see Fig. 2). Then the normal and tangential components of the membrane 
tractions and displacements are 
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u = u cosB + v sinG 
n 
ut = v cosB - u sine 
The modified bounds.J'y force) according to Gal f denveiser J has components 
r--.J 
T 
n 
Tn + (~ - k2 )Mnt sin2B 
Tt + ~Mnt 
(2.34 ) 
The ~uantities kl , k2 and l~ are curvatures of the mid-surface along the aJ~ 
and boundary curves respectively. The modified boundary vectors are therefore: 
traction 
displacement 
(T} - (Tn' Tt' Vn , Mn) 
(U} - (unJ ut ' w, - ~:) 
It is obvious that for plates and shallow shells 
= (T} = (T , Tt , V , M ) n n n 
There are now eight ~uantities (Ti , Ui , i = 1 to 4) on the boundary. Four of 
the ~uantities (one from each pair) are to be specified. A problem of plate 
or shell theory is classified according to what ~uantities are specified on 
the. boundary. The boundary conditions that are usually considered in most 
analyses, namely, that the edge of the structure is fixed, free, simply 
supported or elastically supported are special cases of these classifications: 
Displacement problems 
Four components of displacements (u,v,w,B ) are specified on the 
n 
boundary L. The ~uantity B is the normal slope of the mid-surface 
n 
A 
n being the outward normal to the boundary edge. 
U. 
l 
f. (s) 
l 
(i 1,2,3,4) 
The quantitie"s f. (s) are given functions of the boundary parameter s. For 
l 
the boundary edge fixed against membrane and flexural displacement, f. = 0, 
l 
Tractions problems 
The generalized traction vector T. is specified on L, 
l 
T. 
l 
g. (s) 
l 
(i = 1,2,3,4) 
'" A A The quantities Tl , T2 , and T3 are the forces in n,t and z directions, respec-
tively, at a boundary point; T4 is the normal moment in the direction of the 
outward normal to the edge. The functions g.(s) are identically zero for a 
l 
free edge. 
Mixed problems 
Four quantities (displacements or tractions) are specified on L, 
U. 
J 
f. (s) 
J 
gk(s) (k f j) 
(2.40 ) 
It should be noted that if a component of the traction vector is specified then 
the corresponding displacement component cannot also be specified. Some 
particular cases of this type of boundary condition associated with straight 
edges are hinge, roller and knife-edge supports. 
Boundary conditions of the linearly elastic type 
In this type of problems, certain linear relationships exist between 
the boundary tractions and displacements, 
T. = c .. (s)U. + f.(s) 
l lJ J l 
(i,j 1,2,3,4) (2.41) 
The quantities c .. and f. are known functions of the boundary parameter s. An 
lJ l 
example of this type of boundary condition is an edge supported by an elastic 
beam or spring in which case the cij describes the elastic properties of the 
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supporting member and the nature of the connection between it and the 
structure. 
General boundary conditions 
In general, the plate or shell structure may be supported in such a 
manner that any of the above conditions is specified on only a part of the 
boundary. In addition, the structure may contain openings so that its region 
is multiply-connected (L ~ I Li ) . Structures frequently have "point" supports 
and re-entrant corners. These discontinuities in the boundary conditions and 
in the geometry of the structure may result in stress-singularities [32,33J 
which present analytical and numerical difficulties. In this investigation 
we will consider structures with certain types of boundary singularities, such 
that the prescribed and the unknown boundary quantities are If smooth, well-
behavedl! functions or concentrated point values. 
2.5. Boundary Value Problems 
For the boundary value problems of elastic plate or shell theory, 
given the surface loads and certain boundary values, it is required to find a 
displacement field U which satisfies the differential equations and takes on 
the. prescribed values on the boundary L. 
The governing differential equations and the associated boundary 
conditions for the plate and shell theories given in the preceding sections 
and in Appendix A can be summarized symbolically in the forms: 
3 
I '" D .. u. + P. lJ J l o (i (2.42) 
j 
or more concisely 
DU + P 0 
and 
(k 1,2,3,4) 
where D is the differential operator for the governing equations. The 
-operator D is given in Tables 1 to 4 for the various problems that have been 
considered in this study. Vlasov [4] has pointed out that the operator D can 
be symmetrically constructed. This, of course, is a consequence of Betti's 
Law in the theory of elasticity. The functional Bk is the expression which 
th defines the k boundary condition. 
The shell has a boundary edge which intersects the mid-surface on the 
space curve L, defined in terms of a parameter s as: 
x = X(s), 
L = L(X,y,Z) 
L' = L'(X,y) 
y = Y(s), z z(s) 
(2.44) 
The boundary curve L projects in plan to the plane curve L' (s') (see Fig. 8). 
Most of the solutions for plate and shallow shell problems found in the litera-
ture are for rectangular planforms. In the approach used in the present 
investigation, no significant simplification is achieved by assuming these 
forms. Therefore, a boundary curve of arbitrary shape is assumed; except it 
should not contain any re-entrant corners. 
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3. FUNDAMENTAL SOLUTIONS OF THE GOVERNING EQUATIONS 
3.1. General Remarks 
In this chapter we determine certain singular solutions which 
satisfy the homogeneous differential equations for plates everywhere except 
at a point in the region. From Eq. (2.42)we obtain the homogeneous dif-
ferential equations for plates and shells in the symmetric differential 
operator form: 
Dll(U) + D12 (v) + D13 (W) 0 
D21 (u) + D22 (v) + D23(w) 0 (3.1) 
D31 (u) + D32 (v) + D33 (w) 0 
BY a singular solution, it is meant that at least one component of displacement 
or of the stress resultant derived from the displacements becomes infinite at 
some point in the region. The method of solution formulated in this investi-
gation of boundary value problems of plates and shells depends fundamentally 
on the character of the singularities in the basic solutions resulting from 
concentrated loads at a point on a plate. These solutions are discussed in the 
following sections. 
3.2. Kelvin Solutions for the Infinite Plate 
Consider an infinite plate in the x-y plane loaded at point A 
o 
(coordinates x ,y ) by the concentrated force pel) in the x direction (see 
o 0 
Fig. 12). The displacement at point A(x,y) which results from such a load 
[1,27] is given by the vector 
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{ u }(l) = {lOg rl -/r~} 
v -/r r 
xy 
dr dr 
r' r/const. r 
= dX , r =di' x y 
I 
_ l+V 47TEt 
- 3-v , fl.l (l+V) (3-v) 
where r is the distance between the points A and A. Similarly, for a con-
o 
centrated load p(2) in the y direction the displacement field is 
The displacement fields (U( i)}, which are called the Kelvin solutions [lJ for 
the infinite plate (plane stress), satisfy the homogeneous eCluations governing 
the plate in the in-plane action, 
2 
\' D .. (u.) L lJ J 
j=l 
o (i 1,2) 
everywhere in the ipfinite region except at the point of application of the 
loads (p(i)}, in which case r = 0 and the components of displacement in the 
direction of the load becomes infinite (logarithmic singularity). 
The stress resultants (T(i)} corresponding to (U(i)} are obtained by 
substituting EClS. (3.2) into the first two of EClS. (2.7), which gives 
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{
Tl} (1) ~ {(I + br~)rn } 
T2 r t + br r r x y n 
r f-Ll 
where 
2 
a (I-v) 3-v 
b 2(1+v) I-v 
Et 
c ---
I-v 2 
The tractions Tl and T2 act in the x and y directions) respectively, on a 
section through A with normal ~ and tangent t. The matrix [T~i)J has singu-
J 
larities of the order l/r. 
Let pel) and p(2) be of magnitude f-Ll ) then we construct a displace-
ment matrix [K] and traction matrix [J]) such that K .. is the displacement U. lJ J 
and J .. the stress-resultant T. resulting from the concentrated load p(i) lJ J 
acting at Ao' 
r(1+br
2 )r (rt+br r r )l x n x y n 
= 
l( -l".' +br r r) (l+br)r J t x y n y n 
aC 
r 
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It is seen that [KJ is symmetric--a conse~uence of the reciprocal relationship 
in the theory of elasticity (Betti's Law). If the point A is isolated in the 
o 
circular region D (radius E and center at A ) then the resultant forces on 
E 0 
the contour L of this region is given by 
E 
rV f Qij 
L E 
From Fig. l4a it is obvious that on L E 
r E, 
r cosB, 
x 
r 1 
n 
J .. ds lJ 
ds 
r y 
r t 
With these results and E~s. (3.6) and (3.8), we get 
'4 aC 
'IT --l-v 
EdB 
sinB 
0 
(3.10) 
From E~. (3.10) we conclude that the resultant forces acting on L is independent 
E 
of E and e~uilibrate the point loads at Ao' This, together with the fact that 
there are no higher-order self-e~uilibrating singularities present, demon-
strates that the displacement matrix [K] results from the point loads [r(O)]. 
3.3. Singular Solutions for Plate Bending 
The homogeneous e~uation governing plate bending obtained by setting, 
P3 0 in the third of E~s,. (2.2) is 
4 vw 
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the well-b10wn biharmonic equation. Its general solution in polar coordinates 
(r,e) [34J contain terms of the forms: 
2 
r ) 2 r log r) r log r cosB) r log r sinB, 
m 
r cos mB, rB cose, rB sinB, et~~. 
For the fundamental solutions let us choose teTIQs (or combinations of terms) 
that have certain simple pbysical meaning for a simply supported circular 
plate of radius a : 
o 
1. Circular plate with \~.D.: .. :'=:entrated load p(3) at center A 
o 
(see Fig. 13a). 
The governing equation for the transverse displacement w 
in polar coordinates is 
27fr 
By integrating Eqs. (3.12) directly and applying the conditions, 
w(o) 1= 00, w(a ) = 0 
o 
we get th<2 solution [3] J 
wherf~ ria 
o 
fl = &rD 3 
Now consider a curve L, lying entirely within the region of the 
A A 
plate and let nand t be the outward normal and tangent at a 
2. 
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point A on L. Then the slope of the plate in normal direction 
at point A is given by 
ew(3) p(3) 
~ = -- r(1+2log r)r 
an ~3 n 
The Kirchhoff shear V and normal moment M at point A are 
n n 
obtained from Eqs. (2.7) and (3.13). They are, 
where K is the curvature of the curve L at point A. Although 
the displacements wand e are finite, the stress ,resultants 
. . n 
are singular. The moment M has a logarithmic singularity while 
n 
the shear V has a singularity of order lira 
n 
Circular plate with concentrated couple p(4) at center A 
o 
(see Fig. l3b). 
Consider the load in the form of two concentrated forces, 
P(4)/6V at A and -P(4)/6V at a distance 6v from A on the ~ 
o . . 0 
axis. The deflection w(4) for the couple M at A is the limit 
o 
of the sum of w (3) and ~ (,3) resulting from the two forces as 6V 
goes to zero, that is, 
w 
( 4) 
p(4) ew(3) p(4) 
= ~3 --::-'-.- = -- r(1+2log r')r 
p\~) oV ~3 V 
and the normal slope at A on L is 
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(jw(4) p(4) 
dn = -- [(1+210g r') (r r -r.J..rt) + 2r r ] f.l3 n V l.J n V 
A A A A 
where nand t are as defined above and V and ~ are perpendicular 
directions at A as shown in Fig. 13b. The corresponding 
o 
Kirchhoff shear and normal moment are 
p(4) ~ 2 
= -- [3-v-2(1-v)r J(r r -r r ) ) 2 t t~ nv 
-+'7Tr 
+ 4(i-v)(r -Kr)r rtr I n n ~Jr 
(4) P(4) M = ~ [(l+v)r + 2(1-v)r rtr ] 
n ~'7Tr V n ~ 
In this casew is finite) en has 'a' log~rithmic singularity, Mn is of order l/r 
and V is of order l/r2. For the basic solutions (displacement U(i) and 
n 
traction J(i)) for plate bending, we choose 
so that the following displacements and tractions are obtained: 
(U(3)} {:J (3) rr210g r' 1 
lr(1+2 ·lOg r')rnf 
(3·19) {:J (4) (U( 4)) {r(1+2 log r')r . J = = (1+2 log r')(rVr -rtr )+2r r 
n V 1" n V 
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[::} (3) 
122 :2 [2r +(l-v)(r -Kr)(r -rt )] 
{T (3) } 
n n n 
-2D r = 
l+v ( ) 2 2 [~ 1+2 log rr + rn + vrtJ 
(3.20) 
1 ~ 2 
-- [3-v-2 (1-v)r J(r r -r r ) {:: r4) 2 t t 1" n V {T ( 4)} r +4(1-v) (rn -Kr ) rn rt,r " } = 2D 1 
- [(l+v)r + 2(1-v)r rtr ] 
r V n 1" 
The displacement vector~ (U(3)} and (U(4)} satisfy Eq. (3.11) except at A (r= 0). 
o 
Again if we isolate A by the circular region D it can be shown that the 
a E 
resultant of the forces on L is equilibrated by concentrated loads at the 
E 
cen'ter. Using the relationship of Eqs. (3.9) and noting that 
rease, 
V 
and by surrn:ning vertical forces we obtain 
f v~4) ds 
L 
E 
211" 
4D J de 
o 
2D (3-v), 
E 
A 
The resultant moments about the Taxis, 
r sine 
't 
8rm 
j ,27r cosBds = 0 
o 
L 
E 
-D[2(1+v)logE' - (l-V)]E J2TrcOS8de 
o 
o 
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2'Tr 
'" . f [M(4) cose _ V(4) EcoseJds 8D J 2 8TrD Q44 cos ed8 n n 
L 0 E 
A 
and about the V axis, 
2'Tr 
'" f [M~3) V(3) Esine ]ds 1J sinedB Q34 sine - 0 n 
L 0 E 
2rr 
Q44 f [M(4) sine _ v(4) Esine ]ds 1J sinGcosBdB 0 n n 
L 0 (3.21) E 
From the above, it is seen that stress-resultants on an element containing A 
o 
are in equilibrium with the concentrated loads p(i) at A . 
o 
As in the case of the plate in membrane action, let us construct the 
matrices for the displacements, tractions and loads corresponding to the funda-
mental solutions for plate bending as follows: 
= I u~i)J r w(3) 8(3) l r vl L l.l.. J 
. L J l w(r) 8 (4) J n 
. [ (3) M~3) 1 [ J] 
= [Tji)] = :i4) M(4) 
n 
[reO)] 
- [Q. ·l = [ 1 0 ] ~3 0 1 lJ.J . (3.24) 
where iJj 3,4 
e(i) dw(i) 
n dn 
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3.4, Combined Fundamental Solution Matrix 
The four fundamental solutions of the homogeneous equations of plate 
theory can be written in matrix form by combining the results of plates in 
membrane action and in bending discussed in Sections 3.2 and 3.3 of this 
chapter. The fundamental displacement and stress fields [K], [J] and the 
surface loads [r(O)] are defined as follows: 
(1) 
u' v 
(1) 0 0 
u 
(2) . (2) 
v 0 0 
[K] 
w(3) e(4) 0 0 
n 
0 0 w (4) 8(4) 
n 
T(l) 
1 
T(l) 
2 0 0 
T(2) T(2) 0 0 
[ J] 1 2 (3.26) 
0 0 V(3) V(4) 
n n 
0 0 M(3) M (4) 
n n 
I-Ll 0 0 0 
1 [r (0 ) ] 0 1-L2 0 0 (3.27) 
0 0 1-L3 
:4 J 0 0 0 
where 
4TrEt 
_ 47T l-v C I-Ll = 1-L2 = - Cl+v) C3-v) 3-v 
g 7Tt2C (3.28) 1-L3 = 1-L4 8rrD 3 
The quantities [K], [J] and [r(O)] are fourth order matrices. Each element of 
the minor diagonal quadrants of [KJ and [J] are, of course, zero due to the fact 
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that the in-plane and bending actions are uncoupled in plate theol~. The 
diagonal matrix [r(O)] consists of four point loads* acting on the plate at 
point A. The expressions for the components of [K] and [3] are given in 
o 
Tables 5 and 6. 
3.5. Singular Solutions of the Shell Equations 
Ideally, it is desired to find simple singular solutions to Eqs. (3.1) 
that are physically meaningful. However, in general, there are no simple 
closed form solutions to the shell equations. The solutions are usually obtained 
in the form of infinite series. For example, in the simple case of a shallow 
spherical cap loaded by a transverse concentrated load at its center, the 
solution involves the Kelvin functions (ker, kei) which are representable as 
infinite series of the form [37J: 
kei x 
where the a's and b's are constants. It should be noted that for small 
argument 
ker x ~ a' + a .log x 
o 0 
2 kei x ~ b
' 
+ b'x 
o 1 
2 
+ b x log x 
o 
In polar coordinates (r,e) the radial, tangential and transverse displacements 
(UJVJw) for the spherical cap with a transverse point load P at its center are 
of the form [37]: 
* The point loads areAthree forces in the (x,y,z) coordinate directions and 
a couple acting in V direction as shown in Figs. 12 and 13. 
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clP[ker' (ar) 1 u + =-] ar 
v 0 (3.31) 
w c2P kei (ar) 
where c1 ' c2 and ex are constants dependent on the shell geometry and material 
properties. Since the plate equations are a special case of those of shell 
theory, it should be expected that the plate singular solutions are contained 
in the shell solutions. In fact, Flugge and Conrad [37J demonstrated that the 
character of the singular solutions in shallow shell theory is similar to that 
of plate theory; that is, in the vicinity of the point load on a shell, the 
solution is essentially the same as that for a plate as can be seen if 
Eqs~ (S.lS) and (S.Slc) are compared. 
The basic singular solutions used in the formulation of solutions of 
the boundary value problems treated in this investigation need not satisfy the 
homogeneous Egs. (3.1). It is the character of such solutions that is of 
primary interest. Therefore, for simplicity the displacement fields K .. for the lJ 
plate problems discussed in Section 3.4 of this chapter are used also for shells. 
These are the displacement fields arising from four concentrated loads (three 
forGes in the direction of the coordinate axes and a couple acting at a 
A 
point A in the direction V on the tangeOntplane). In general, certain loads 
o 
r .. on the surface of the shell and tractions J .. on its boundary are needed to lJ lJ 
maintain these displacement fields. 
The surface loads consist of concentrated loads at A arising from 
o 
the singularities and regular residual loads distributed over the shell surface. 
The residual loads r~k are obtained by substituting the displacement fields Kij 
into Eg. (S.l), 
51 
3 
I Dk . (K . . ) J lJ 
j 
In Chapter 4 it is shown that the singular parts of [r] have to be the point 
loads [reo)] for plates, Eq. (3.27), so that 
It is obvious that for the plates, r~k = O. 
The tractions J .. resulting from the displacements K .. are obtained lJ lJ 
from the force displacement relationships of Chapter 2. 
3.5.1. Fundamental Solutions for Shallow Shells 
Let us suppose that the displacement fields K .. (see Appendix B) are lJ 
imposed on a shallow shell. * . We must determine the surface loads r ik and 
boundary traction J .. required to maintain these displacements. To this end lJ 
let us define [S]T as the transpose of the 4 x 3 matrix obtained by deleting 
the last column (e(i)) of [K]. Then according to Eqs. (3.32), the residual 
n 
surface load matrix is given by: 
where 
2 (log r I -rr ) 
-rr r 0 0 
x xy 
[KlJ T 2 -yr r (log r I -yr ) 0 0 xy y 
2 log r' (1+2 log r' )rr 0 0 r V 
and [D] is the differential operator matrix for shallow shells given in Table 2. 
It was pointed out in Chapter 2 that the expressions for the stress resultants 
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in shallow shells, EQs. (2.29), are the same as those for plates, EQs. (2.7), 
except for the addition of terms involving cUlvature in the case of shallow 
shells. Therefore, the m~jor quadrants* of the traction matrix [J] for shallow 
shells are the same as for plates. The expressions in the minor quadrants 
(zero for plates) are obtained from Eqs. (2.29) and (2.30) as follows: 
i. The membrane forces resulting from lateral displacement, 
where 
J il = Ti
i ) = Ck(l+v~)cos(~)x)w(i) 
J i2 = T~i) = Ck(v + ~)sin(n,x)w(i) 
ii. The flexural stress-resultants resulting from the membrane 
displacements, 
J i3 
V(i) 
n 
3'4 = M(i) l n 
where 
2 2 dk[~£ J'l + m J'2 + lm(~J'l + J' 2 )J l ,x l ,Y l ,Y l ,Y 
i = 1,2 
l cos (£',x) 
m sin(~,x) 
A / .... 
The argument (n,x) is the angle between n, the outward normal to the boundary 
at a point B, and the x axis. 
* The quadrants of the matrix containing the major diagonal is referred to as 
the "major quadrants. If The other quadrants are termed Ifminor quadrant!!. 
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* The expressions for the tractions J ij and residual loads r ik 
resulting from the chosen auxiliary displacement fields (see Table 6) are 
listed in Appendix B. It should be noted that certain of the components of 
[r*] (* * * * * d n* ) f d f th f t r ll ) r12 ) r 2l , r 22 , r33 an 143 are 0 or er 0 e square 0 curva ure 
(k2 ) of the shallow shell) while the other components are of order k. The 
minor quadrant components of [J] are also of order k. 
3.5.2. Fundamental Solutions for Shells of Revolution 
The auxiliary stress states for 'shells of revolution, as in the case 
of shallow shells discussed above) can be constructed from the four basic 
singular displacement fields of the plate problems. The boundary tractions J .. lJ 
and residual surface loads r1k corresponding to these displacement fields are 
obtained by means of equilibrium'equations and force-displacement relationships 
for shells of revolution. The equations for cylindrical and spherical shells 
are given in Appendix A. The components of the matrices [K]) [J] and [r*] can 
be derived in the coordinates of these shells. 
3.6. Auxiliary Stress States for Plates On Elastic Foundations 
The differential equation for the bending of plates on elastic 
foundation [3]) 
is similar in form to the third of Eqs. (2.26) for shallow shells. The elastic 
stiffness kf of th,e foundation. corresponds to the square of curvature (k
2 ) for 
the shallow shell. The basic singular solutions of the homogeneous differential 
equations for a plate on elastic foundation also involve the Kelvin functions. 
Instead of these solutions, the basic singular solutions for plate bending are 
used to construct the auxiliary stress states for a plate on elastic foundation 
as follows: 
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k f (i) 
- -u D 3 
(i,j = 3,4) 
where U~i), T~i) are the displacements and tractions given by Eqs. (3.19) and 
J J 
(3.20), respectively. 
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4. METHOD OF SOLUTION 
4.1. General Remarks 
The equations defining the boundary value problems of thin elastic 
plate and shell structures have been developed in Chapter 2. It remains now 
to formulate a method of solving these problems. Despite the simplifying 
assumptions and approximations of plate and shell theories, it is still mathe-
matically quite difficult to solve the boundary value problems, especially those 
for shells of double curvature. Hence, relatively few analytical solutions 
have been obtained for problems of practical interest. The analytical solutions 
available are usually for plates or shells of simple geometry (for example, 
rectangular or circular planforms) and idealized boundary conditions which are 
often of limited usefulness in practice. As a result, currently emphasis is 
being placed on approximate. methods of solving boundary value problems of 
plates and shells. The approximate methods most frequently used for these 
problems are the variational methods of Ritz, Galerkin and Kantorvich [19], 
and the finite difference and finite element methods. In all of these techniques, 
satiSfYing the boundary conditions is the most difficult aspect of the problem. 
If, however, the problem can be formula~ed in terms of boundary integral 
equations, this difficulty would be eliminated. Moreover, integral equations 
are readily treated numerically. In the following sections of this chapter, 
the solutions of the boundary value problems of plates and shells are developed 
as integral equations in the unknown functions on the boundary. 
4.2. Remarks on Integral Equation Methods in Elasticity 
In the integral equation methods for solving the boundary value 
problems of elasticity, it is first necessary to convert the governing 
differential .e~uations of equilibrium with the associated boundary conditions 
into integral equations. In the literature) several approaches have been used 
to achieve this conversion. In the classical approach by Somigliana and 
Betti [1)29] the IlGreen 1 s tensorll (matrix of Green's functions) for the 
problem is first determined then the solution to the boundary value problem can 
be written directly as integrals of these functions. The inherent drawback of 
this approach is the difficulty of constructing the Green's functions which are 
singJlar solutions satis~Jing the given boundary conditions for the problem. 
An approximate approach used by Hadid [23] for shallow conoidal shells is to 
reduce the governing e~uations of the problem to a set of ordinary differential 
equations by the Kantorovich approximate technique [19]; then these ordinary 
differential e~uations are converted into integral equations by the Green's 
function method. 
Some investigators) recognizing the strong analogy that exists between 
potential theory and the theory of elasticity) have used the techniques of 
potential theory to obtain solutions for certain problems of elasticity. The 
singular integral equation approach to problems of potential theory presented 
by Mikhlin) Kellogg and Sternberg [25)26)28J has been extended to two- and 
three-dimensional elasticity problems. Fredholm [39] was the first to apply 
the integral equations methods of potential theory to the boundary value 
problems of elasticity. In recent years Jaswon [40], Rizzo [41] and others 
have used this approach in the treatment of the plate extension problems. The 
potential theory concept of fictitious boundary distributions has been used by 
Massonnet [42] for certain plate extension problems and by Lo and others [20] 
for plate flexure problems~ However) in both cases the method seems applicable 
only to a narrow ~ange of problems. Kupradze [27] has applied the potential 
methods to construct integral equation solutions for the static and the dynamic 
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problems of two- and three-dimensional elasticity. Muskhelishvili [24J, 
Mikhlin [25] and others have formulated the boundary value problems of plane 
elasticity with the aid of complex variables. 
In the present approach, the integral equations which yield the 
solutions of the boundary value problems of plate and shell theories are 
constructed by means of Betti's law of reciprocity in the theory of elasticity. 
The method can be considered as an extension of the well-developed methods of 
potential theory [26,28] to plate and shell theories since Betti's Law is 
exactly analogous to Green's second identity of potential theory. In fact, 
Betti's Law can be derived from Greents identities [30J. As in the integral 
equation methods of potential theory the present method depends on the existence 
of certain singular solutions of the governing differential equations for the 
problems. The singular solutions to be used for the plate and shell problems 
have been discussed in Chapter 3. The concepts and equations of potential 
theory pertinent to the present development are given in Appendix D. 
4.3. Integral Equation Formulation of Plate and Shell Problems 
4.3.1. Betti's Reciprocal Equation 
It is well known that the theorem of reciprocity in the theory of 
elasticity makes it possible to establish a relationship between two fields 
i 
of displacements and stresses induced in an elastic body by two systems of 
forces applied to it. Let us consider two elastic fields, which we call the 
primary system and the auxiliary system, as follows: 
1. Primary system: The unknown fields of displacements and 
stress resultants due to actual loads on the structure 
(plate or shell) in accordance with the boundary values of the 
problem being considered. It is required to determine the 
primary field 
u = u(p) (4.1) 
S = Sl(U) = S2(P) 
subject to the boundary conditions 
(4.2) 
on the boundary contour L. In E~s. (4.1) U and S are the dis-
placement and stress fields resluting from the surface loading P; 
UL and T are the corresponding displacements and tractions on the 
bounding edge of the structure; and fk's are given functions of 
the boundary parameter s. The primary displacement field is 
dependent on the boundary values as well as the applied loads, 
that is, 
* 2. Auxiliary System: A displacement field U with the surface or 
body loads p* and boundary tractions T* necessary to maintain 
this displacement field, 
* * * .p =,p (U ) 
* * UL = U (s) 
* T * = T r (U ) = Til (s ) L 
* 
(4.4) 
Let us assume that U and U satisfY the conditions necessary for the 
validity of Betti's Law in the material region D of the structure. Then the 
reciprocal theorem gives the following relationship between the two systems 
where the summation convention is used, j = 1,2,3,4 and k 1,2,3. E~uation (4.5) 
can be written in the form: 
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+ f [U .T~ - T .U~]ds 
J J J J 
F(P) (4.6) 
L 
where 
is a known function of the surface loads. Equation (4.6) gives an integral 
functional relationship between the displacement fields U and the boundary 
* values UL and T for any chosen U. Quantities relating to the auxiliary fields 
serve as "kernels ll of the integral expressions in this equation. 
4.3.2. Choice of Kernels in the Integral Equations 
It is obviously desirable to choose the auxiliary fields so that the 
* Pk1s are generalized delta functions which pick out a component of displacement 
at an interior point, in which case Eq. (4.6) expresses the displacements at a 
point in terms of the boundary values. Such auxiliary fields are of course 
those resulting from point loads acting on the structure in the direction of the 
desired displacements. These states of stress are singular at the point of 
application of the loads. Therefore, if the singular point is at the boundary, 
Eq .. (4.6) results in singular integral equations in the unknown boundary 
functions. The kernels of such equations are strongly focusing, that is to say, 
the effects of the auxiliary field are highly localized which makes for an 
accurate numerical treatment of the problem. With this in mind, let us choose 
for the auxiliary systems, the four fundamental singular solutions derived from 
the homogeneous plate equations for flexure and in-plane action discussed in 
Chapter 3. The Singular solutions resulting from the four concentrated loads 
at a point in a plate are associated with the four components of generalized 
displacement (u,v,w,8). The four auxiliary fields are therefore chosen as: 
n 
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displacements u* (') = K .. (u)v)w,e ) l 
lJ n 
T* 
( . ) 
= J .. = (Tl ,T2,Vn ,Mn ) l lJ tractions 
surface loads p* = r ik 
(') (PlJP2JP3) l 
These fundamental solutions satisfY the governing equations everywhere in the 
region D except at the point of singularity (A = A , r = 0). The reciprocal 
o 
equation (4.6) is therefore applicable everywhere in D except at A , the point 
o 
of application of the point loads. Let us exclude the singular point A from 
o 
the region D by the small region DE with boundary LE , then the reciprocal 
equation is valid over the remaining region (D' ,L') and on substituting the 
above expressions into Eq. (4.6) we obtain 
CD' - D - D 
E 
L' L + L ) 
E 
F. (p) 
l 
summed on j and k for the ith auxiliary·solution. The quantities of the 
primary field are 
displacements U. 
J 
(u,v,w,8 ) 
n 
tractions T. (Tl ,T2 ,Vn ,Mn ) J 
surface loads Pk (Pl ,P2,P3 ) 
4.3.3. Interpretation of Integrals as Elastic Potentials 
The surface and line integrals in Eq. (4.7) have certain character-
istics which are similar to those of harmonic potentials in potential theory [28]. 
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These elastic potentials, as the integrals in Eq. (4.7) are called [27], are 
defined as follows: 
a. Elastic potentials of surface distributions 
i. First kind 
F. (A ,f(A)) 
l 0 
ii. Second kind 
v. (A ,f(A)) 
l 0 J J fk(A)r ik(Ao,A)dD 
D 
b. Elastic potentials of line distributions 
i. First kind (single layer) 
CP.(A ,feB)) 
l 0 f f. (B)K .. (A ,B)ds l lJ 0 
L 
ii. Second kind (double layer) 
':Y.(A ,feB)) 
l 0 f f. (B)J . . (A ,B)ds J lJ 0 
L 
(4.8) 
(4.10) 
(4.11) 
where A is the point of singularity; the point A is in the region D and B is 
o 
on the boundary Lj The surface potentials F. are particular integrals similar 
l 
to Poisson's integral of potential theory; that is, F. taken as displacements, 
l 
satisfy the governing equations if the density vector fk is taken as the 
known load components Pk " The surface potentials V. give the intensities of the l 
singular auxiliary fields, that is, the coefficients of the unknown densities 
The vector potentials CPo and ':Y. are similar to the single layer and 
l l 
double layer scalar integrals of potential theory. The density functions f. in 
l 
the expressions for CPo and ':Y. may be either given or unknown. 
l l 
62 
4.3.4. Characteristics of the Elastic Potentials 
The kernels [KJ, [J] and [r] in the integral expressions for the 
elastic potentials [F}, [V}, [~) and [~} are singular so that special care has 
to be taken in order to determine the characteristics of these potentials as 
A approaches A and as A crosses the boundary. It is especially in this 
o 0 
respect that the potential theory analogy provides some insight. If the surface 
potentials (F} and (V} can be given some meaning at A then Eq. (4.7) is 
o 
applicable over the entire region D .. If t4e expressions in (F} are written out 
it is seen that {F} is merely an ordinary improper vector integral. For (V}, 
the differential equations from which [r] is derived can be used directly in the 
integrals and (V} evaluated by integration by parts. 
Let us first determine the limits of the integrals at an interior 
point for the cases of plates in in-plane action and in flexure. For these 
cases, the auxiliary load matrix [r] is zero everywhere in the region D except 
perhaps at A. The point A is surrounded by the small circular region D 
o 0 E 
(radius E) and the limits of the surface integral are obtained as E is made 
indefinitely small. It is assumed that the density functions fk of these 
integrals satisfy the conditions necessary for fk to be expanded in Taylor 
seri.es about point Ao in terms of the local coordinates (~,Tj) 
f(A) 
2 df df ~2 d f 
o 0 s 0 
f 0 + ~ dr + 'f) dTl + '2 d~ 2 + (4.12) 
where f and its derivatives on the right-hand side of Eq. (4.12) are evaluated 
at A. The limit of the surface integrals (see Appendix E) are found to be 
o 
F. (A ) 
l 0 
Lim 
A~A 
o 
F. (A ,f (A)) 
l 0 
Lim 
E -7 0 o 
(4.13) 
where 0ik 
V. (A ) 
l 0 
Lim 
A-..A 
o 
V. (A ) f(A)) 
l 0 
is the Kronecker delta, 
°ik = {~ 
i 4 
for i = k 
for i 1= k 
and the vector ~. denoting the strength of the singularities is given by 
l 
(4.14) 
(~} 4D 
4D 
(4.15) 
C' l-V -C 3-v 
Et D 2 l2(1-v ) 
In a properly posed boundary value problem for a plate or shell, 
certain of the boundary ~uantities are unknown. These ~uantities have to be 
determined, since they are either of direct interest or are needed in order 
to evaluate the integrals which give the ~uantities at interior points. To 
this end, let us examine the behavior of the elastic potentials as the boundary 
contour is crossed, that is, the limits of the integrals of the reciprocal 
e~uations as A approaches the point B on the boundary. In this respect also, 
o 0 
elastic potentials behave much like ordinary harmonic potentials. 
It is assumed that the boundary curve L is smooth so that at each 
point B on L, the tangent to the boundary curve is uni~ue. If B is excluded 
o 0 
from the closed region (D+L) by the region D (see Fig. l4b) and the line 
E 
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integrals written in the form: 
lim 
E -l- 0 if Hds + J Hds + IE) (4.16) 
11 L 
E 
where H is the product of the density functions and the kernels; I represents 
E 
any singularities due to the presence of corners in D. The meaning of 1 and 
E E 
of LI is shown in Fig. 14b. 
The elastic potentials have the following limit as A approaches the 
o 
boundary point B . 
o 
* where L means that the line integrals are to be understood in the sense of the 
Eq. (4.17) are given in Appendix E. It can be noted that for a point on a 
smooth boundary the contribution of the singularities is one-half that for an 
interior point as is the case in potential theory. 
It remains to be demonstrated that for the case of shells, the limits 
of the surface and line integrals of the reciprocal equations are the same as 
those for plates given above. In the neighborhood of A (x ,y ) the reference 
000 
(middle) surface of the shell is given by 
where 
Z(x,y) = Z + Z 6x + Z 6y + Z 
o x y xx 
+ Z yy + ... (4.18) 
tsx x - x 
a 
Let (s,~) form the tangent plane to the mid-surface at A (see Fig. 15). Then 
a 
the deviation of the mid-"S'lrface from this plane is 
where 
""'2 
P 
k "'2 
= 2 p 
The ~uantities kl and k2 are the principal curvature when the ~ and ~ lines are 
chosen in the directions of principal curvatures and k has some value between 
~ and k2' The ~uantity p is the projection of the shell chord r onto the 
tangent plane. Therefore, 
2 
r 
r 
log r 
'" 
'" 
'" 
'" 
p (1 
log p 
k2 "'2 (4.20) + 1f P 
2'-'2 k p 
+ ----g-
Since the kernels [J], [K] and [r] in the surface and line integrals for shell 
? problems (Appendix'IB) have singularities of order no higher than l/r~ and since 
1 
2 
r 
1 k
2 
"'2 
- (1 - -r.- p . , ) 
",2 Lf. 
P 
(4.21) 
it can be concluded that the singular parts of these integrals for shells are 
the same as those for plates. It should be noted, however, that for shells 
the auxiliary load kernel [r] is not zero over the entire region} so that in 
general the surface integrals Vi have non-zero values over the region D* 
(D with A excluded). 
o 
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* Let us denote the non-singular part of Vi by Vi' 
* V.(A ,f(A)) 
l 0 J J fk(A)r:k(AOJA)dD 
D 
where [r(O)] is the auxiliary load matrix for plates. 
4.4. Boundary Value Formulas 
(4.22) 
The reciprocity relation, Eq. (4.7)) is valid for the entire l'egion 
(D + L), provided that at the point of singularity the integrals are interpreted 
in the sense of the limits discussed in the preceding section. There are two 
separate cases to be considered, namely} the equations formed when the singular 
point is on the boundary, and those generated for points in the interior region. 
where 
4.4.1. Integral Equations in the Unknown Boundary Values 
At a point B on the boundary L, Eq. (4.7) becomes 
o 
rr 8. . f.. . U . (B ) + V*l' + ':Y l' - <I:>. - F. lJ J l 0 l l o 
V~ V~(B ,U(A)) 
l l 0 
':Y. = 'fi. (B ,U(B)) 
l l 0 J U. (B)J .. (B ,B)ds J lJ 0 
L* 
(4.23) 
(4.24) 
<Pi = <Pi(BO,'l'(B)) = I T/B)Kij(Bo,B)dS 
* L 
and (A}) given by Eq. (4.15), is the strength of the singular auxiliary fields 
at point B. Equation (4.23) is a singular vector integral equation in the 
o 
unknown displacements and boundary tractions. The integrals involving the 
known boundary values and surface loads form the free term of the integral 
equation. 
4.4.2. Integrals for Evaluating the Displacements and Stress Resultants 
in the Region D 
At a point A in the region D, Eq. (4.7) becomes) 
o 
27T5, ,A. ,U, (A ) + V~ + 'f
l
, - <P
l
' - F, 
lJ J l 0 l l 
o 
(iJj = IJ 2J3,4) 
(4.25) 
where the terms are as defined in Eq. (4.24) except B is to be replaced by A . 
o 0 
Equation (4.25) expresses the displacements at a point A in terms of the boundary 
o 
values and the displacements elsewhere in the region D, 
U . (A ) = 2~ {f [ T . (B) K. . (A J B) - U. (B) J, . (A J B ) J ds 
l 0 II~. J lJ 0 J lJ 0 
l L . 
(4.26) 
The stres's-resultants at A can be obtained by direct differentiation 
o 
of Eq. ( 4 . 26) . Let the point A J A and B have the coordinates (x ,y ), (x,y) 
o 0 0 
and (g,~), respe~tively, and let (8) be the generalized stress resultant vector, 
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(£ = 1,2, ... 8) 
From Eq. (2.28), the components of S are 
S C l-V [U U] 3 = ~ 1 Y +2 x 
-D[ifu3J 
, o· '0 
,x 
o 
(4.28) 
where Ul ' U2 and U3 are given by Eq. (4.26). The differentiations can be 
performed on the kernels under the integral sign, since the density functions 
and the variables of integration are independent of x and y. Thus, for 
o 0 
example, 
dUi 1 [f d d . 
= ~ = JYtor-"\ (T. "'\:'-:- K.. - U. "'\:'-:- J .. )ds 
ox c::. j! flo • J ox lJ J ox l J 
o l L 0 0 
(4.29) 
where 
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T = T(sJTl) p p(x,y) 
u u(s Jtj) u u(x-,y) 
S s(s,Tl) D D(x,y) 
J J(x ,y ;s,Tl) 
o 0 
r* r*(xo'y ojX,y) 
K K(xo,yo;s,Tl) K* K*(x ,y ;x,y) o 0 
Therefore, the stress-resultants can be obtained from the relationship: 
S (A ) £ 0 f (TjM£j - UjL£j) + J J (PkM;k - UkII;k)dD 
L D 
where the kernels [M], [L], [M*] and [II] involve the kernels [K], [J], [K*] and 
.[r*] " and their derivatives. The expressions for these kernels are given in 
Appendix B. 
4.4.3. Comments on the Boundary Value Formulas and Their Solutions 
Equations (4.23), (4.25) and (4.30) will be collectively referred to 
as the integral formulas for the two-dimensional problems of elasticity. They 
define in the form of integral equations the relationships that exist between 
the displacements, stress-resultants, surface loads and boundary values in two-
dimensional elasticity problems and constitute the solutions of the various 
problems described in Section 2.4. In these problems the surface loads and 
certain of the boundary values are known. When these are substituted into 
Eqs. (4.23) and (4.25) a set of singular integral equations in the unknown 
quantities results. Once these quantities are found, the displacemen~s and 
stress-resultants anywhere in D can be obtained from Egs. (4.25) and (4.30). 
It is obvious that in the boundary value equations for plate problems 
[r*] and [II*] are identically zero. Therefore) only Eg. (4.23) is needed for 
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the solution of the boundary values, and Eq. (4.25) is exactly analogous in 
Green's third identity (Appendix D). Moreover, as is to De expected,Eq. (4.23) 
uncouples into two independent sets of integral equations, one set (i,j = 1,2) 
for in-plane problems and the other set (i,j = 3.4) for flexure problems. 
For the shallow shell problems, not only are the in-plane and 
flexural actions coupled, but Eq. (4.23) cannot by itself De solved for boundary 
values since the potential V~ involves the unknown displacement field inside D. 
l 
However, Eq. (4.25) together with (4.23) g~ves a set of integral equations from 
which Doth the ooundary quantities and the interior displacements can be 
determined. 
In the case of a plate on elastic foundation since V~ is not 
l 
identically zero for the auxiliary fields used, Eqs. (4.23) and (4.25) are also 
used to solve for the interior displacements and boundary values for a plate 
on elastic foundation in a manner similar to that mentioned above for the 
shallow shell problems. 
If the ~urface loads p. and ooundary tractions T. are set equal to 
l l 
zero in Eq. (4.23) then the resulting equation 
o 
has for non-trivial solutions, the displacements 
Ul = a + 1 a 4y 
U2 = a + 2 a 4x on Land in D, (4.32) 
U3 = a 3 + a 5x + a 6y 
- dU3 dX U4 = dn = -(a5 dn + a6 ~) on L 
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where the constants aI' a 2 and a3 are the rigid body translations in the x,y 
and Z directions; a 5, a 4 and a3 are the rigid body rotations about the x,Y 
A 
and Z axes respectively; and n is the outward normal to the boundary. In order 
to obtain a uni~ue solution of the problems in which tractions are specified 
on the boundary, it is necessary to impose enough additional conditions in order 
to specify all possible rigid body displacements a.. The restrictions on the 
l 
specified functions necessary to make the solution possible and uni~ue are those 
which are re~uired for the equilibrium of the whole structure. 
f Tkds + J J PkdIJ 0 k 1,2,3 
D 
f r(T1r1] + T2r s )ds + J J r(P1ry + P2r x)dD 0 
D 
(4.33) 
From the e~uilibrium of the auxiliary fields, for plate problems the kernels 
satisfy the following conditions: 
aOik""k + f Jikds o 
J r(Jolr + Ji2r~)ds l n o 
a5i4""4r~ + J (Ji3rr~ dS + J i4 dn)dS 
(4.34) 
o 
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where { 2; when the singular point is in D a 
when the singular point is L on 
(i 1,2,3,4; k = 1,2,3) 
So far nothing has been said about the character of the density 
functions of the integral equations, that is, the unknown quantities for which 
solutions are sought. The tractions satisfy Eq. (4.33) for equilibrium. In 
order to solve the integral equations numerically it is assumed in Chapter 5 
that the density functions are fairly smooth. This restriction can be lifted 
if the character of any singularities in the density functions is known a priori. 
Quite often the singularities arise from point loads or point supports present 
in the problem. Since the integrals involving the products P·K and T'K are 
merely the work performed by the actual loads and boundary tractions acting 
through the auxiliary displacement fields, these integrals are to be interpreted 
as discrete sums in the case of point v~lues, namely, 
J J PkK~kdD I (Pk ) (K· k ) n l n 
n 
f T.K .. ds J lJ L (T .) (K .. ) J n lJ n 
.n 
summed over the total number of point values. The quantities in parentheses 
th 
are the n point 'values. For point supports, (Pk ) enter the equations as 
unknowns in which ,case as many additional conditions as unknown support 
~uantities have to be specified. The additional conditions are usually the 
equations for the displacements at the supports. 
In the development of the integral formulas, it has been implied that 
the region D is simply connected. However, they are valid for multiply connected 
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region as well, provided D is taken as the interior region and the boundary 
L consists of the boundary curves 1.(i = 1,2, ... ) traversed so that the 
l 
outward normal on 1. rotates counter-clockwise into the positive s direction 
l 
( see Fig. 3 ) . 
For plate problems, the bounda17 value formula (4.23) reduces to 
the form 
J T(s )K(s 0' s)d,s 
L 
f( s ) 
o 
for displacement problems and for traction problems 
A,U (s ) + f U ( s) J (s, s) ds 
o \. 0 
L 
g( s ) 
o 
where J, K, f and g are known functions and T and U are unknown. These are 
(4.36a) 
linear integral equations of the first and second kinds, respectively. There is 
a significant amount of literature [25,43,45] in which the solutions of 
equations of the second kind based on the Fredholm and Hilbert-Schmidt theories 
of integral equations are discussed. However, because of the strongly singular 
character and the complexity of some of the kernels in the problems being 
treated here, the classical approach will not be used in the solution of the 
system of integral e~uations, Eqs. (4.23) and (4.25)· Instead, in Chapter 5 
a method is developed for the numerical solution of these e~uations based on the 
approximation of the integrals by certain quadrature schemes. 
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5. NUMERICAL TREATMENT OF BOUNDARY VALUE FORMUL.A.8 
5.1. General Remarks 
In Chapter 4} the problems of plates and shallow shells have been 
reduced to solving a set of linear sipgular integral equations for the unknown 
boundary ~uantities. Once these ~uantities are found} the displacements and 
stress ,resultants at interior points are determined by means of the integral 
formulas, Eqs. (4.25) and (4.30). In this 'chapter} approximate numerical 
procedures are developed to solve the integral equations and to evaluate the 
integral formulas. Each integral is approximated by the sum of a finite number 
of terms by the use of numerical quadrature formulas. The integral equations 
are thereby converted into a finite set of algebraic equations with the density 
functions at discrete points as unknowns. 
This numerical procedure results in a fairly large number of linear 
equations} which are readily solved with the aid of a digital computer. 
5.2. Comments on the Approximations of Integrals 
The line,and surface integrals occurring in the integral equations of 
Chapter 4 can be written as sums of the form [19]) 
n 
IL f g(s )ds Lim I g(s.).6s. l l 
n -
00 
L i=l 
NL 
I g . .6s. + eN l l 
i=l L (5.1) 
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n 
ID J J G(x,y)dD = Lim I G(x. JY' ).6D. l l l n ~ 00 D i=l 
ND 
I G.Lill, + ~ l l D 
i=l 
where eN and ~ are the errors associated ~ith the partial sum approximations 
L D ' 
of the line and surface integrals, respectively. From Eq. (5.1) we obtain the 
approximations 
NL 
I g. 68. l l 
i=l 
ND 
I G. till. l l 
i=l 
Let us divide L into NL intervals, the ith interval being of 
length h., 
l 
(5.2) 
and divide D into ND rectangular elements, the kth element having area Ak , 
(see Fig. 17b). Equations (5.2) can be cons idered as quadrature formulas for 
numerical integrat'ion. In singular integral equations, the quadrature formulas 
cannot be applied directly to the entire contour L and throughout the region D 
because some of the kernels are unbounded at a point in the region D + L. Each 
integral is therefore divided into two partsj the part in the neighborhood of 
the singularity is analytically approximated, and for the remaining part 
standard numerical quadrature formulas are applied. 
5.3. Approximation of the Line Inte·grals 
In view of the preceding discussion, if the singularities of the 
auxiliary fields are at the rth boundary point, the line integrals of Eg. (4.23) 
are expressed as follows: 
¢. (B ) 
l a 
8¢. (B ) 
l 0 +j T ,(B)K .. (B ,B)ds J lJ 0 
L-5 
r 
NL 
'" [8CP. ] + I (T .K .. ) (5L) n 1= r-l,r '" (5.3) l r J lJ n n 
n=l 
'f.(B ) 
l 0 
8'±' . (B ) 
l 0 +j U. (B)J .. (B ,B)ds l lJ 0 
L-8 
r 
NL 
~ [ 8'f. ] + I (u ,J. ,) (oL) n F r-l,r (5.4) l r J lJ n n 
n=l 
where [8¢.J and [8'f.] are the values of CPo and 'f. in the intervals adjacent 
l r l r l l 
to the point of singularity. 
5.3.1. Singular Intervals 
In order to evaluate the part of a line integral in the intervals 
adjacent to the singular point, 
M 
r 
h 
r j 
-h 
r-l. 
f (s }G (s ,s) ds 
r 
we expand both the density function f representing (U) or (T) and the kernel G 
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representing [-J] or [K] in the form of power series in the arc length s 
measured from s 
where 
so that 
. 
r 
f(s) 
a 
n 
f(s) 
It is assumed that f is expressable in the form, 
N 
2 I n a + als + a 2 s + a s a n 
n=O 
+ A f, + A Of + A f + ... 
n,-l ~-l n, r n,l r+l 
n k 
A f sn 
n,k r+k 
All the kernels represented by G are functions of r and its normal and 
(5.6) 
tangential derivatives at Band B, where r is the distance between Band B. 
a a 
In Appendix C these quantities are expressed in terms of curvature of the 
boundary K, its derivatives and the arc length s in the neighborhood of B . 
o 
These results give for the kernels expressions of the form, 
M 
G(s) ; a_2s-
2 
+ a_ls-l + I (am + ~m log Is/constl )sm 
m=O 
~ ~ 
where M is the order of approximation and the als, and ~IS are constants 
involving the boundary parameters at B. The expressions for these coefficients 
a 
are given in Tables 9 and 10 for the various kernels. It should be noted that 
on a straight boundary, the terms with K or its derivatives disappear, thus 
greatly simplifying the expressions for a and ~ in Eq. (5.7). These simpli-
m m 
fied expressions are given in Table 8. 
Theintegrands of the integral formulas can be written in the 
form, 
foG 
The principal value of the integral containing the term 
does not exist. However, this term can be eliminated if it is recognized that 
it appears only in the product 
_ WV(4) 
n 
which is the work of the Kirchhoff shear of the 4th auxiliary field acting 
through the primary (actual) transverse displacement. For a constant displace-
ment wo ' we have 
o 
since, as shown in Appendix E 
We can therefore write 
in which case the Wo can be chosen so that s-2 term is eliminated. Equation (5.5), 
with the results in Eqs. (5.8) and (5.10), becomes 
h 
r 
J ill r 
-h 
r-1 
where 
and for ill 1= 0 
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h 
1" 
* f Gds = ~ [~J (Bnk + Cnk logls' I)snds]fr+k 
k n -h 
r-1 
~~ A H f nk rn r+k 
k n 
N-n 
H ~ (a.c + ~.d ), rn Jill' J m 
j= -1 
h 
r 
c = log --o h 
r-1 
c = ![hm - (-h . )mJ 
m m r r-1 
ill j + n - 1 
(5.11) 
* -2 In Eq. (5.11) f means that for the kernel with the s term, the constant f is 
r 
subtracted from the corresponding density function around the entire boundary; 
where f is the value of f at the rth point. Table 11 gives the values for the 
r 
f"J f"J 
coefficient Ank for the second order approximation M = N = 2. For constant 
spacing h, Ank reduces to the familiar central difference coefficients shown in 
parentheses in Table 11, and the quadrature constants are, 
c d 0 , 
m ill 
m = A., 2, 4 ... 
2hm 
c 
m m 
d 2h
m 
(log hI - !) = -- , 
m m m 
m 1, 3, ... 
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5.3.2. Non-Singular Intervals 
If the singularities in the auxiliary fields are at point B , i.e., 
o 
th 
at the r point, then in the interval 
s f. [s l' s 1] r- r+ 
the density functions and kernels are continuous, so that the numerical quad-
rature formulas can be applied directly. Let H be the product of the density 
function and kernel, 
H(s) f(s)G(s) 
then in the neighborhood of the jth point (j f r) 
H(s) a a
2 2 
H. + (~ H) .s + (---2 H). s2 + 
J as J as J 
k n 
n 
A k H . kS n J+ 
and integrating H on the interval (s. l' s. 1) we obtain J- J+ 
where 
51. 
J 
h. 
JJ 
-h. 1 J-
H(s )ds 
\' ~ A G [h~+l _ (-h. )n+l] 
Djk ~ n+l nk r,j+k J J-l 
n 
For second-order approximation and constant spacing, 
,..., 
N 2, h.=h· l h J J-
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the integral 01. reduces to the well known Simpson's rule: 
. J 
5.3.3. Computation of Boundary Data 
The boundary of the plate or shallow shell is defined in the x,y 
plane by the equation 
L(x,y) -. ° 
or parametrically by, 
x x(s), y = y(s) 
The basic input data which define the boundary shape are the coordinate points) 
x. x (s .) 
J J (5.19) 
Yj y(s .) J 
(j 1,2, ... ,NL) 
All the other boundary data (curvature, direction cosines of the outward 
normals and the arc length of each inter-val) required for computing the kernels 
are determined from the basic data (x. ,y.). It is assumed that Lis a second 
J J 
degree. curve in the interval (s. l' s. 1) . That is the p9.rabola defined by J- J+ 
2 
x(s) + X'.S + Xl~ S A kX ' kS n x. 2 J J J n J+ 
(5.20) 
2 
y(s) yf.S + y!~ S A k" k S n Yj + 2 J J n .J+ 
(n = 0,1,2; k -1,0,1) 
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is passed through the points (j-l, j) j+l). The arc length h. of the jth 
J 
interval (s., s. 1) on this curve is approximated by 
J J+ 
2 . -1 Kj h. = - Sln - 0 ~ 
J ": 2 j 
"j 
rv 
1 ""'2 2 0.(1 + ~2 K.O.) 
J c:'+ J J 
where O. and K. are the chord length and average curvature, respectively, on 
J J 
the interval. They are 
A more accurate approximation of the curvature at the jth point is obtained 
from the relationship, 
where 
K. 
, . 
x. 
J 
J 
X r.yr~ _ y r.x'~ 
J J J J 
= 
The derivatives of y. are similarly defined. The direction cosines (!l.. ,m.) of 
J J J 
the outward normals are found from the relationships, 
A (~~)j !l. • cos(n.,x) = yr. = AlkY j+k J J J 
(5.24) 
sin(~. ,x) 2r:J _Xl. 
-A1kX j +k m. = (dii) j J J J 
The normal and· tangential derivatives can be expresged in the forms, 
( ) 1 . de ) d( ) ~+m.~ 
,nj J x. J a . J J 
( ) £ • d( ) + m. ~ .t. J ~J J J J 
b t th ' th d' th . t . The chord distance e ween elan J pOln s lS 
r .. lJ [ '2 2ll/2 (x . -x.') + (y. -y . ) J l J l _ 
amd 
1 (x. x. ) r 
Xj r .. J l lJ 
1 (y j - y.) r 
Yj r .. l lJ 
The density functions f(s) and kernel G(s JS) can be expressed in terms of the 
a 
basic data with the aid of the foregoing equations" 
f. f(x.,y.) 
J J J 
G.. G(x.y.j x."y.) lJ l l J J 
5.4. Approximation of the Surface Integrals 
th Let us separate the p element of the surface integrals containing 
the singularities of the auxiliary fields from the rest of the integral so that 
the surface integrals can be written in the forms: 
F. (A ) = liFo (A ) + fJPkK.kdD l a l a l 
D-6 
P 
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~ (6F.) + 
l P 
m 
(PkK. k) (Lill) l m m 
V~(A ) = 6V~(A ) + fJuk*r~kdD l 0 l 0 l 
~ (6V~) + 
l P 
D-6 
P 
(u:T' ~ ) (6D) 
1("" lk m m 
m 
mfp 
mtp 
where (DF.) and (6V~) are the values of F. and V~, evaluated on the singular 
l p l P l l 
element 6. From a numerical standpoint, a rougher approximation of the surface p 
integrals than that for the line integrals is acceptable, since for shallow 
* shells the contribution of V. is small compared to the other terms in the 
l 
boundary value formulas (4.23) and (4.25). * In fact, V. may be neglected 
1. 
entirely for very shallow shells. The integral F., which is a particular 
l 
solution for the problem, appears only as a sum on the right hand side of the 
resulting matrix equation. 
5.4.1. Singular Elements 
It is necessary to determine the principal value of the improper 
integrals of the form, 
* where the function f represents CU } or (P} and the kernel G represents [r*] or 
[K*] . The contributions of the singularities at the point A (x ,y ) are to be 
o p p 
ignored since they have been taken into consideration already. Let ~ be a 
rectangular element with sides Lx,6;y, with center at O(xD,yD) (see Fig. 170). 
In the neighborhood of A , we write the density function in the Taylor series 
o 
in the local coordinates (~,~), 
where c., d. are constants involving the partial derivatives of f at A. The 
II 0 
integral bI , Eq. (5.29), can be written as, p 
a 2 b 2 
LI p I J ( f P + c 1 s + d1 '1 + .. ) G ( s , '1 ) d Sd'1 
a l bl 
where 
s x -
a l xD 
a2 xD 
x p 
6;x 
- x 
-2 p 
Lx 
- y +-p 2 
= y - y p 
From Eq. (5.31) we get the first approximation for LI , p 
LI p 
Table l2 gives the value of the coefficient C , p 
* for the various kernels rik' 
C f 
P P (5.32) 
(5.34) 
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5.4.2. Non-Singular Elements 
In accordance with the discussion in Section 5.4 on the relative 
importance of the terms F. and V~ in the boundary value formulas) we shall 
l l 
approximate the surface integral in the element 6 not containing point A 
m 0 
simply by 
6I 
m J I f(A)G(Ao,A)dD;:: (AmGpm)fm 
6m 
mf.p 
where A is the area of the mth element and G ) f are the values of G and f at 
ill m m 
the center of the element. 
Actually} Eq. (5.33) is also valid for the surface integral on the 
element D.. The approx:i..m.ation 
m 
.6I ::::: C f 
m m m 
is more accurate than that given by Eq. (5.35) since the average values of 
kernels C in the element is used instead of just the central values. 
m 
5.5. Boundary Value Equations in Matrix Form 
The integral equations which so.lve tJ+e boundary value problem for 
) 
plates and shells can be represented in the matrix form} 
[AHil} + J ([J](U) - [K](T}) (dS) - [K' ][Qj = 0 
where 
(U} 
(T} 
(dS} 
[ J] 
[ K] 
[AJ =Tr 
(ds, . 
~J(BO'B) 1 
[J(A ,B) ] 
0 
~[K(B ,B)] 
[K(A:JB)] 
o 
t..,* 
= ~ 
2 
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dD, . T 
. } (7xl) 
[r(Bo,A) J 1 
[r*(A ,A)] 
0 
(7x7) 
[K(Bo,A) J 
[K(A ,A) ] 
o (7x7) 
o 
- 2C' 
4D 
The matrix [Q] contains any point values (known loads or unknown support 
reactions) that are present on the primary structure and [Kr~ contains the 
corresponding point values of the displacewent kernels. The integral sign ill 
Eq. (5.37) has the meaning of the line or surface integral depending on whether 
dS = ds or dS = dD. The matrix equations for plate and shallow shell problems 
are given in Appendix F in symbolic form. 
In order to convert Eq. (5.37) into a finite set of algebraic 
equations, let us generate the approximate boundary value equations for each of 
the NL points on the boundary and ND points in the interior using the procedure 
discussed in the preceding sections of this chapter. The resulting system of 
simultaneous equations in matrix form is given by 
88 
[ [A ] [C ~l ru l} [[B 1 [D 1] rTl} [CD' 1] + + [Q] = 0 
[A*] [c*] (u*} [ B * ] [ D* ] ( P} [D
'
*] 
(5.38) 
where 
[AJ to} [J] + rr [ A. ] [A*] = (o}[J*] 
[BJ (o} [K] , [B*] = (5} [K*] 
[CJ (6} [rJ , [ C*J (.6} [r*J + 7T [A. *] 
[ D] = -(6} [~J , [D*] - (.6} [~*] 
[Dr] 
- [K'], [D' *] -[~!*] 
(5.39) 
J J .. (B ,B) J .. lJ 0 lJmn 
K K .. (B ,B) K .. lJ 0 lJrun 
r r. £ (B ,A) l 0 ri£ms 
K - K. £ (B ,A) K. £ 
- l 0 -l rus 
K. (B ,A ) 
, 
K' = Ki~mp l~ 0 P 
J* J k . (A ,B) J* J 0 kjrn 
K* ~.(A ,B) * Kkjrn J 0 
r* r k£ (Ao,A). * rk£rs 
K* ~£ (Ao,A) * ~£rs 
K'* = Kkq (AO ,Ap) K'* k:qrp 
The subscripts in E~s. (5.40) have the following values: 
i,j 1,2,3,4; m,n 1,2, ... ,NL; 
k,£ 1,2,3; r,s 1,2, ... ,ND; 
q 11,2, .. ,N~; P = 1,2, ... ,N P 
The vectors (o) and (6) contain the ~uadrature coefficients for the approxima-
tions of the line and surface integrals) respectively. If the known te]~s are 
th . brought to the right-hand side of E~. (5.38), we get an M order matrlx 
e~uation of the form: 
[ GJ (Z} (F} (5.41) 
where 
and NT is the number of unknown point values. The solution of E~. (5.11) gives 
the unknown values 
(Z} 
The matrix [GJ and vectors [Z}) (F) for various types of boundary 
value problems are given below. The number of e~uations N and range of the 
indices for each problem are also given. 
1. Boundary displacements are specified) 
U. = f.(s) 
l l 
(a) plates: 
extension (i)j 
flexure (i,j 
1)2; N 2NL) 
3,4; N 2NL) 
[G] [BL (Z} = (T)) (F} -[AJ(U) - [DJ(P} 
(b) shallow shells (i,j = 1,2,3,4; k,i = 1,2,3; N = M) 
and flexure of plates on elastic foundation 
(5.42) 
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, 2. Boundary tractions are specified, 
T. = g.(s) 
l l 
(a) plates: 
[G] = [AJ , (Z) = (U), (F) = -[BJ (T) - [DJ (P) 
(b) shallow shells and plates on elastic foundation: 
3. Mixed boundary values, 
Ju I 
(Z} = lU*J ' {F} = - [B D ] f T } B* D* l P 
U. and T. (i f j) specified on the boundary 
l J 
(a) plates: 
[G] [B.,A.], (Z} = {:~}' , (F} 
l J J 
[A.B .DJjr ~~ }'. l J J 
P 
(b) shallow shells: 
4. Elastically supported boundary, 
T. = k .. U.(s) + f.(s)· 
l lJ J l 
(a) plates: 
[Gj = [MkBj, (Z) = (U), (F) = -[B D] {~} 
(5.46) 
(5.48) 
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(b) shallow shells and plates on elastic foundation: 
[GJ [ A +KB C ] A*+KB* C* , (Z} [ B D ] Ift 
- B* D* lPf (5.50) 
For problems in which there are actual point supports, the number of 
unknowns as well as the number of equations for the problems described above is 
increased by the number of unknown values N I • As discussed in Chapter 4, for 
problems in which components of the traction vector are specified) an appro-
priate number of constraint equations are required to eliminate any arbitrary 
rigid body displacement possible in the solution. These equations can be 
written in the form, 
N 
I 
j 
a .u. 
nJ J 
c 
n 
n 1)2) ... )N 
c 
where N is the number of unknowns and N is the number of independent rigid 
c 
-(5;51) 
body displacements possible. The matrix [G] has rank N-N ; that is, there are 
c 
N independent non-trivial solutions to the set of homogeneous equations) 
c 
[G] (Z) = (0) 
It is necessary to reduce the system of N+N equations in N unknowns, 
c 
[G' ~ (Z) (F I) 
to one with N equations. The standard mathematical method [46] for accomplishing 
this reduction is to pre-multiply both sides of Eq. (5.53) by the transpose of 
[G f 1 to obtain 
(F') 
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where 
However). this approach tmpairs the conditioning of [G']. Instead) we will 
replace N of the e~uations in (5.31) by the constraint e~uations in such a 
c 
way that the strongly diagonal character of [G] is maintained. 
5.6. Comments on the Solution of the System of Algebraic E~uations 
The system of linear algebraic equations to which the boundary value 
problem has been reduced (E~. 5.41) may be solved) with the aid of a computer) 
by any of the standard computational methods of linear algebra; for example, 
by Gauss elimination, by iteration or by matrix inversion. These methods are 
well documented in the literature [46,47J and are discussed here only insofar 
as any peculiarities of the integral e~uation method make a particular method 
advantageous. 
In the present method, as in other approximate numerical methods, it 
is necessary to solve a relatively large number of e~uations, especially in the 
case of shell problems. For example, if for a given plate or shell problem 
we choose 24 boundary points and 16 interior points, the number of e~uations 
generated would be 48 for a plate problem, 64 for a plate on elastic founda-
tion and 144 for a shallow shell. However, with the advent of the large core-
storage high speed ;computers, the number of e~uations to be solved has become 
less of a critical criterion in numerical analysis. 
In the integral equation method the coefficient matrix [G] (E~. 5.41) 
is generally full; that is, there are· no bands or blocks of zero element as 
occurs in the finite difference method. The use of a singular auxiliary fields 
results in integral e~uations with focusing kernels (see Figs. 18 and 19). As 
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a result [G] ,is strongly diagonal,* especially for problems in which tractions 
are specified on the boundary, in which case [G] has the large singularity 
coefficient ~. included in the major diagonal terms. This feature and the 
l 
fact that there are a large number of equations make an iterative method for 
solving the system especially attractive. 
The matrix [G] depends only on the geometry of the plate or shell and 
on the number of data points, N1 and NDo Therefore if we have a number of 
problems involving the same geometry but different loads and boundary values 
which changes only the free term (F} of Eq. (5.31), then it may be more 
efficient to compute and store the inverse of [G] and by Eq. (5.32) directly 
compute (Z} corresponding to each free vector (F). 
In the modest-sized illustrative problems solved in Chapter 6, the 
exact eliniination procedure is used in order that the errors o'f the approxi-
mation may be examined apart from the errors in an it.erative solution. 
5.7. Computation of Displacements and Stress Resultants at Interior Points 
Once the unknown values Zl,Z2), ",ZN have been determined, the dis-
placements and stress resultants at any point A (x ,y ) in the region D can 
000 
be ~omputed by use of Eqs. (4.26) and (4.30). Using the procedures for 
approximating the integral discussed in 'the preceding sections of this chapter, 
we get the following approximations for the displacements U. and stress-
l 
resultants S £ : 
1. For plates 
N1 
( 'i,-' 
U, (A ) = 2~ ~lJ > [T. K. . -U . J. . 1 ( 61 ) + 
l 0 II/'-i' LJ J lJ J lJ' n n 
n 
l [PkK'k] (~) +6(PK)p i l m ill I 
* Except for plate flexure problems in which the displacement w is specified 
on the boundary. 
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NL ND 
S£ (AO) = ~. {I [TjM£j-Ul£j1n + I [PkMnJm(Lill)m+l',(IM)p} 
l 
n m 
m/=p 
(a) extension problems 
i,j,k = 1,2; £ = 1,2,3 
(b) flexure problems 
i = 3,4,5; j = 3,4; 
k = 3, £ =4,5, .. ,8 
2. For shells and plates bending on elastic foundations 
NL ND 
U. (A ) 
l 0 = 2 {\' [T .K .. -U.J .. J (oL) + ') [PkK· k -UIf:'k] (oD) CII f .... i L J l J J l J n n L..J l l m m 
n m~ 
+ l',(PK-ur*)p} 
NL ND 
S fA \ 1 J \' r T M U'" ., ( r-L \ \' r p 1111 U· * ] I .... - ) £ \ 0) = 27TA.
i 
l L L j £ j - j.LI £ j J n\.O ) n + L L kJ.v. £ k - k!L £ k m \ bJJ m 
n m 
where for shell problems, 
i = 1,2, .. 5, 
k = 1,2,3, 
j = 1,2,3,4 
m!p 
+ .6.(FM ... urr*)_1 
J:J) 
and for the bending of plates on elastic foundations, 
i = 3,4,5, j .= 3,4 
k = 3, 1 = 4,5, .. ,8 
In the above .6.(F) means the approximate value of the improper surface integral p . 
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of F evaluated on the element containing A. The other quantities in 
o 
Eqs. (5.55) andG.56) are defined in Section 4.4.2. It should be noted that 
in the problems of shallow shells and plates on elastic foundation, the vector 
(Z} contains values of the displacements (u)v,w) at ND interior data points. 
However, the first of Eqs. (5.56) gives the value of the displacements at 
any interior point. The values of the displacements at an interior data 
point obtained by this equation is a more accurate approximation than the 
values contained in (Z}. 
5. B. Remarks on Errors of the Approximate Solutions 
The errors in the numerical solution of boundary value problems 
of elasticity come from three sources: 
(a) Errors arising from the assumptions and approximations 
in the analytical formulation of the governing equations 
and boundary conditions. 
(b) Truncation errors; that is, errors due to the discretiza-
tion of the continuous problem by the replacement of an 
infinite system by a finite one. 
(c) Round-off errors. 
The integral equations developed in Chapter 4 exactly represent the 
governing differential equations and the associated boundary conditions for 
the plate and shell theory discussed in Chapter 2. The assumptions and 
approximations involved in the formulation of the differential equations were 
also mentioned in Chapter 2. No attempt is made here to quantify the errors 
arising from these approximations. 
In the approximate method used in this investigation, the second-
type of errors mentioned above results from the replacement of the integral 
e~uations by a finite system of linear algebraic equations. It is desired 
to determine the order-of-magnitude of the errors arising from this approxi-
mation. For simplicity it is assumed that the boundary intervals are of equal 
length hand that the interior elements are of e~ual area M. Therefore, 
the length of the boundary curve is ~ = NLh; and the total area in plan is 
It is desirable to have an approximate solution which is homogeneous 
in h~ (~ = constant) so that two or more approximate solutions can be extrapo-
lated to give a more accurate result,. In the second-order approximation of 
the integral ~ , Eq. (5.11), the leading error term (the first term neglected 
r 
in the power series expansion) is of the form 
where the coefficient C depends on the values of the ,density function f, the 
curvature K and their derivatives in the interval. The exponent S has the 
value, 
3 
~ = 5 
for integrals containing the terms, 
s-l and s-2 
for all the other integrals.* 
Similarly for non-singular intervals, the Simpson rule ~uadrature 
error e2 is given by 
C = 
Ch5 
1 [fGJ iv bo . j 
Near the singularity (at distances h to 2h from it) the coefficient C is large 
J' n-l * For the term slog sds, (n > 1) the exponent S ~ 
jhn log hj < jhn-Ej for any small E > O. 
n, since 
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compared to C· for elements far away because of the singular character of G. 
o 
The fourth derivative of the product fG approximately expressed as 
Let r . be distance from A of the point in the interval closest to A. For 
mln 0 0 
the most critical kernels (the ones containing 1/s2 terms) 
f 
C 2 r "< 
"'1) 
r . 
IDln 
f 
2 max 
"'1) 
r . 
mln 
In order to have a consistent error term, we subdivide the interval into 
sub-.intervals of equal length 0 so that 
c < C 
o 
By Eqa (5.58), (5.60) and the above inequality, 
e2 < f max 
5 ("'1)0 ) \ < f 
- max 
r . 
IDln 
From. this relationship we find an upper bound on 0, 
Similarly, for integrals having terms lis and log s, it can be shown that 
respectively. 
r . 
o < h (~) 
r 
max 
r. 4/5 
o < h (~) 
'r 
max 
(5.60) 
It should be noted that the subdivision of the intervals only 
ensures a consistent magnitude of the error in the coefficient matrix [G] 
and does not alter its order, that is, the number of unknowns is unchanged; 
nor is the homogenuity coefficient S affected. The composite error eN ' 
L 
Eq. (5.1), for the line integral is of the form 
(5.64) 
In order to get an approximation which has error terms exactly homogeneous 
in h 4, an improved approximation of density functions near the singularity 
for the integrals with kernels having 1/ s2, 1/ s and log s terms is necessary. 
This, however, is superfluous since only one coefficient is affected in each 
equation. This means that S will be nearer to the upper limit of its range 
and we may write 
In a similar manner it can be shown that for the surface integral, 
the error resulting from the approximations discussed in Section 5.4 is of 
order 
(5.66) 
where a =~M 
Finall~ in computing the displacements and stress-resultants by 
Eqs. (5.55) and .(5.56) the accumulated error EN satisfies the inequality 
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·23 Since NL = SL/h and ND = An/a then the overall error E is of order h ) 
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6. SOME NUMERICAL RESULTS 
-6 ~J=--~ -Gene ral--Rema-rkEl --.--
In this chapter, a number of numerical solutions of plate and 
shallow shell problems obtained by the method discussed in Chapters 4 and 5 
are presented. The object of these examples is to illustrate the use of 
the integral equation method and to provide a check on the validity and 
accuracy of the approximating techniques discussed in Chapter 5. No attempt 
is made to cover exhaustively the problems of all types and complexity that 
the method is capable of solving. Rather, the examples selected are fairly 
elementary, so that exact analytical solutions can be readily obtained. By 
comparing the exact and the approximate solutions, the accuracy of the method 
can be judged. 
The examples given in Section 6.3 are of radially symmetric 
problems of circular plates in membrane action and in flexure. In these 
problems the integral equations are solved exactly. In order to test the 
approximate method on more complex problems for which we have the exact 
solutions) boundary value problems are. constructed from certain chosen dis-
placem~nt fields. The boundary values and surface loads from w:hich these 
displacements result can be found by means of the equations of Chapter 2. 
The exact results for the plate and shallow shell problems considered in 
Section 6.4 are given in Appendix G. The number of node points (NL on the 
boundary and ND in the interior) is varied in some of the problems so that 
the convergence of the approximate m.ethod can be compared with that predicted 
in Section 5.8. 
In the development of the method emphasis was placed on problems 
of plates and shallow shells with smoothly curved boundaries. Most of the 
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examples pres.ented here are for plates and shallow shells with circular or 
elliptic planforms; however) an example of a stretched square plate is given 
in order to demonstrate the applicability of the method to polygonal shapes. 
In order to perform the necessary computations for the method under 
study, two general computer programs in Fortran IV language have been 
developed for use on the IBM-360-75 computer. One program handles both plate 
flexure and plate extension problems; the other is for shallow shell as well 
as plate problems. In both programs the coordinates of the node points 
(see Fig. 16), the prescribed boundary values and surface loads can be treated 
as input data or generated internally for special shapes and values. The 
curvatures of the shallow shell are also treated as input parameters. In the 
computer program, for the purpose of generality, no advantage is taken of 
symmetry although many of the problems considered have some degrees of sym-
metry. A description of the computer programs is given in Appendix H. 
6.2. Description of Problems 
For easy reference, the plate and shell problems of this numerical 
study are classified below according to the type of problem) boundary shape, 
bou~dary conditions and loading. 
!ype of plate or shell problem 
Plates: 
PI - plate extension (plane stress) 
P2 - plate flexure 
P3 - plate on elastic foundation 
. Shallow shell shapes (curvatures ~)k2): 
SO - flat s~ell (plate)) ~ = k2 = 0 
102 
Sl parabolic (circular*) cylinder, ~ fo 0, k2 = ° 
S2 - elliptic paraboloid, ~,k2 > 0 
S3 - hyperbolic paraboloid, kl > 0, k2 < 0 
Planform 
C - circular (diameter: 2a ) 
o 
E - elliptical (axes: 2a ,2b ) 
o 0 
S - s~uare (sides: 2a ) 
o 
Boundary conditions (~uantities ,specified) 
U - displacements 
T - traction 
M - mixed. U. and T. specified (i I j) 
- "l J 
E - elastic support, T = kU 
Surface loads 
a - no surface loads 
b - uniform load, Pl = P2 const. 
c - point load 
d - general distribution of loads Pl , P2 and P3 
A problem is given a designation from each category. For example, 
Prob. (P2,E,U,b) refer to the problem for flexure of a uniformly loaded 
elliptical plate with the boundary displacements given; and Prob. (S2,C,M,a) 
is the problem of "spherical" cap without surface load but with at least one 
component of displacement and one of traction given on its boundary. 
* In shallow shell theory no distinction is made between parabolic and 
circular segments. 
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6.3. Exact Solutions of Integral ECluations for Some Radically Symmetric 
Problems of Circular Plates 
The exact solutions of the integral eCluations are easily obtained 
for radially symmetric problems for circular plates. The expressions for the 
kernels K and J on a circle are given in Table 7. The kernels are shown 
graphically in Figs. 18 and 19. 
6.3.1. Plate Extension 
Let us consider the uniformly extended circular plate shown in 
Fig. 20a, Probe (Pl,C,U,a). For a constant radial displacement on the 
boundary, we have 
= U cos \(r 
o 
U sin \(r 
o 
If these values and the expressions for the kernels for plate extensions 
(Tables 5 and 6) are substituted in ECl. (4.23) the following equation is 
obtained: 
where 
C' 
cp = w + ex , 
o 
2w + a 
o 
I 
The angles wand ex are shown in Fig. 14. From the radial symmetry of the 
o 
problem it is obvi'ous that 
(6.1) 
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T cos\jr 
o 
T sin\jr 
o 
where T is the unknown uniform radial traction. If these expressions for 
o 
Tl and T2 are substituted into Eq. (6.2) and the indicated integration are 
carried out} the relationship) 
is obtained) from which T can be found. 
o 
T 
o a (l-r) 
o 
By Eqs. (6.3) the boundary tractionsTl and T2 are 
l+V 
= - CU cos\jr 
a 0 
o 
1..1-" 
= _'_V CU s in\jr 
a 0 
o 
l+V CU 
a 0 
o 
o 
This is the solution obtained by standard analytical methods. 
. 6. 3 . 2 . PIa te Flexure 
(6.4) 
(6.6) 
(6.6) 
In the radially symmetric problems of a circular plate in flexure) 
the boundary values are constant. Therefore) the governing integral 
equations (4.23) can be reduced to the forms., 
where 
F 3 
A .. lJ 
B .. lJ j J . . (s ,s)ds lJ 0 
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rTr 
2a J J .. (w)dw 
o lJ 
o 
K .. (w)dw lJ 
For uniform load, P3 = P and F. = P Q. 3' The coefficients A .. , B .. and o l 0 l lJ lJ 
Qi3 are listed .in Table 13· From the integral formulas (4.25) and (4.30), we 
obtain the following expressions for the deflection wand moment M at the 
c c 
center of the plate 
We ~ u3(0,0) ~ tJ;-D [F3 + B33T3 + B34T4 - A33U3 - iS4U4] 
Me 86(0,0) ~ S;D [Jf P3M63dD + M63T3 + M64T4 - L63U3 - L64U4] 
(6.8) 
- - --- ~ The coefficients A, B, Land M are the line integrals of the kernels J, KJ 
Land M, with r measured from the center of the plate; these coefficients are 
given in Table 14. 
Let us consider the following -special problems. 
a. Circular plate with constant edge moment, Prob. (P2,C,T J a), 
Fig. 20b 
o 
T4 = Mo constant 
with these values Egs. (6.7) becomes 
(rrt..3 + A33 )U3 + A34U4 
A43U3 + (Trt..4 + A44 )U4 
(6.10) 
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,It is obvious that U
3 
can 'be an arbitrary constant value, since 
Therefore the solution of E~s. (6.10) for the edge deflect~on 
and rotation is given by 
a 
o M (l+v)D 0 (6.11) 
where w is an arbitrary constant and a the radius of the plate. 
o 0 
By substituting the values for U3 and U4 in E~s. (6.8), the 
values of the deflection and moment at the center are obtained. 
M [ A 
2 
a ] a o - o ]I + 34 w o M w 
= ETri5 B34 + w c (l+v)D 34 '8iTD 0 2(1+v)D 0 
M [ a ] M o - . 0 =M c = ETri5 M64 - (l+v)D L64 0 
bo Circular plate with fixed edge support and point load P at 
o 
center, Prob. (P2,C,U,c), Fig. 20c 
on L 
P ={p 0 at center 
,3 otherwise zero 
With these loads and boundary displacements, the unknown 
boundary tractions are found by means of E~s. (607) which 
simplify to 
B33T3 + B34 T4 
B43T3 + B44T4 
= P a 2 log 2 
o a 
-p a log 2 
o G 
0 
(6.12) 
(6.14) 
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. Equations (6.14) have the solution, 
p 
T3 
0 
- 2rra 
0 
P 
T4 
0 
41T 
The displacement under the load, by Eq. (6.8), is given by, 
w 
c 
P [ a _ l P a 2 
__ 0_ B- +-2. BOO 
16TT2a D 33 2 34 J = 16rrD 
o 
(6.15) 
(6.16) 
The moment under the lo~d is of course infinite. This can be 
concluded from the fact that in the second equation of (6.8) 
the term 
has a logarithmic singularity. 
c. Uniformly loaded circular plate with elastic supports at the 
edge and center, Prob. (P2,C,E,b), Fig. 20d 
rp ta~d the discrete value -KoU~O) at the center 0 
With these values, Eqs. (6.7) take the forms, 
(0) -(0) 
B33k3U3 + (A34 + B34k4)U4 + K33 KoU3 
. B43~U3+ (-rr/"4 + A44 + B44k 4)U4 + K~~)KoU~O) = P Q4 o 3 
(6.17) 
(6.18) 
(6.19a,b) 
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. where K~~) is the value of the kernel Ki3 at 0. In addition, 
for the displacement u~O) at 0, we have the relationship, 
o (6.19c) 
Equations (6.19) are readily solved for the unknowns U3' 
-(0) U4 and U3 . 
6.4. Approximate Solutions of Plate Problems 
The approximate numerical ~olutions for the plate problems by the 
method developed in this study consist .of values of the unknown boundary 
quantities computed at NL node points, as well as the displacements and stress 
resultants (u, v, N , N ,N for extension problems and w, w , w , Q , Q , 
x y xy . x y ~ 'Y 
M , M ,M for flexure) evaluated at any desired set of interior points. 
x y x:y 
In the problems discussed below, the elastic and geometric parameters have 
the following numerical values, unless otherwise stated: 
E = 1000, V = 0.25 
a 1.0, b = 0.8 
o· 0 (6.20) 
t 0.1 
U 1.0, w 1.0 
0 0 
From these values the following stiffnesses are obtained: 
c D 0.0889 
The number of node points NL for a given problem is taken as an even integer 
between 16 and 60. The node points are numbered sequentially in a counter-
clockwise direction starting at the point on the positive x axis. The value 
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of the surfac"e loads are specified at NJ) interior points. Figure 21 shows the 
location of the node points (NL = 24, ND = 16) on a circular plate and 
Fig. 22 gives the variations of the direction cosines (£, m) and of the 
curvature K on the boundary of the circular plate. These quantities and the 
nodes are shown in Figs. 23 and 24 for an elliptic plate. For the circular 
plate the node points on the boundary are equally spaced and the boundary 
is of constant curvature, 
27rB. 
h. h 0 
J NL 
1 (6.21) 
K 
a 
0 
For an elliptic region whose boundary L(x,y) can be represented parametrically 
as, 
x a cosG, 
o 
the boundary nodes have the coordinates 
271" (j -1) x. a cos 
NL J 0 
b . 2rr (j -1) , Yj Sln N o L 
y b sinG 
o 
j 1,2, ... NL 
The spacing h. varies from a minimum at the major' axis to a maximum at the 
J 
(6.22) 
minor axis. For the plate problem a total of 2.NL linear algebraic equations 
are generated (two for each of the NL node pqints) which are solved by the 
Gauss elimination procedure for the unknown boundary quantities. 
For problems containing point loads, in order to avoid modifying 
the computer program, a point load is assumed to be uniformly distributed 
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over a small rectangular region (O,Ola x O.Olb ) which has its ·center at 
o a 
the point of application of the load. 
6.4wl. Plate Extension 
(a) In-plane displacements specified on the boundary of an 
elliptic plate, Prob. (Pl"E,U"a): 
Ul fl(s), U2 = f2(s) on L 
Pl 
,..... A (6.23) ..c-2 = v 
NL 40, ND a 
Here fland f2 are given by Eqs. G.l and G.5 of Appendix G and s is the' arc 
length on L measured from node 1. Figure 25 shows the variation of the 
displacements on L. The unknown boundary tractions at the nodes are found 
by the approximate procedures of Chapter 5, and are plotted in Fig. 26 for 
NL = 40. The exact values given in Appendix G are also plotted. Some typical 
results for the approximate solution (NL = 16 and 40) are compared with the 
exact values in Tables 16 and 17. These results are discussed further in 
Section 6.6. The approximate and exact values of the displacements (u,v) 
and the stress resultants (N , N ,N ) along the axes of the plate are shown 
x y xy 
graphically in Figs. 27 and 28. 
(b) In-plane tractions specified on the boundary of a circular plate, 
Prob. (PI, C ,TJ a ) : 
P = p = a 1 2 
on L 
(6.24) 
Here gl and g2 are defined by Eqs. (G.6) and (G.2) of Appendix G. The 
tractions Tl and T2 satisfy the equilibrium conditions" Eqs. (4.33a,b). As was 
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stated in Cha.pter 5, for a traction problem it is necessary to specify three 
additional conditions in order to eliminate any possible rigid body displace-
ments. These conditions have to be chosen with some care so that the 
conditioning of the system of equations is not adversely affected. In the 
th th problem at hand, the 1st, (NL + 1) and (1.5NL + 1) equations of the 
system are replaced by the following relationships: 
ZL - u(a ,0) = 3 0 
z - v(a ,0) 0 (6.25) NL+l 0 
Z 
- v( -a ,0) 0 1· 5NL+l 0 
Some typical results for this problem are presented in Tables 18 and 19. 
(c) In-plane displacements specified on the boundary of a square 
plate, Prob. (Pl,S,U,a): 
TT ..0 1 _ \ U ..0 1_\ u l - .Ll\b), .L 2 \b) 2 
Pl P2 = 0 
Figure 29a shows the locations of the nodes (NL = 36) on the boundary. In 
the'approximate method of solution it is assumed that the corners are 
rounded; that is, the boundary is approximated by a smooth (second degree) 
curve in the neighborhood of the corners. The variation of displacements 
Ul and U2 on the edges of the plate are shown in Fig. 29b. Plots of the 
(6.26) 
approximate and exact values of the displacements and stress resultants on the 
positive x axis are given in Fig. 29c,d. 
(d) In-plane action of a fixed elliptic plate subjected to a 
concentrated' force Pl acting at its center in the x direction (see Fig. 30a), 
Pro b . ( Pl , E , U" c) : 
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u = U = 0 1 2 on L 
PI 0 except at (0,0) (6.27) 
P2 0 
NL 24, ND 1 
The results for the approximate solution are shown in Figs. 30b,c and d. The 
set of field points at which displacements and stress resultants are to be 
computed should not contain the point of application of the surface load since 
certain components of the displacements and stress resultants are unbounded at 
the load point (0,0). However, thes~ can be ·computed at a point (0.01, 0) 
close to the load point in order to demonstrate the singular behavior at the 
poin.t. 
6.4.2. Plate Flexure 
(a) Flexural tractions specified on the boundary of a circular 
pIa t e, Pro b • ( P2 , C, T, a ), N L = 40: 
(6.28) 
Here T_ and T, are the Kirchhoff shear and normal bending moment on L. The 
. 5 '+ 
functions g3 and g4' defined in Appendix'G, satisfy the equilibrium conditions, 
Eqs. (4.33a,c). Figure 31 shows the distribution of the prescribed flexural 
tractions on the boundary of the circular plate. The rigid body displacements 
are specified as follows: 
Zl - w(a ,0) 3 0 
Zll == w(O,a ) -1 (6.29) 0 
Z == w(-a ,0) 21 0 3 
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The approxima,te and exact results for this problem are presented in Figs. 32 
to 35 for NL = 40; Fig. 32 shows the displacements U3 ) U4 on the boundary; 
Fig. 33 gives the displacements w) w)w along the positive axis and Figs. 34 
x y 
and 35 the stress resultants ~)~, M
x
) MY and Mxy 
values are also listed in Tables 20 and 21. 
Some representative 
(b) Flexure of a uniformly loaded elliptic plate with fixed edge 
o on L 
Twenty-four boundary node points and 16 surface load points are used in the 
approx~ate solution (N 48). The exact solution for this problem is 
obtained from Ref. [3J. The approximate boundary tractions are plotted in 
Fig. 36b. The exact and approximate values of the displacements and stress 
resultants along the axes of the plate are compared graphically in Figs. 36a 
and 36b. 
(c) Flexure of a simply supported elliptic plate with a line load 
distributed parabolically on the major axis) Fig. 37a) Probe (P2,E)M"d): 
U
3 T4 
'0 on L 
{~ 2 P3 - (x/a ) on x axis (6.31) 0 otherwise 
NL 24" N = 10 D 
For the purpose of the approximate solution) the load is assumed distributed 
uniformly over each of 10 rectangular elements (a /10 x b /100). In this 
o 0 
mixed problem" which is of the type " .. UT" (see Appendix H)" no arbitrary 
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rigid body displacements are possible. Therefore, no additionai conditions 
need be specified. The approximate results are presented in Fig. 37. 
(d) Flexure of an elliptic plate (and of a circular plate) with 
fixed edge support and a concentrated load at the center, Probs. (P2,E,U,c) 
and (P2,C,U,c): 
=: ° except P3 (O,O) =: 1 
The distributions of the boundary tractions V and M obtained by the 
n n 
approximate method are shown in Fig. 3& for the circular plate as well as 
the elliptic plate. Of course the values for the circular plate are constant 
(see Eqs. 6.15). Figure 36b shows the deflection w along the positive x axis. 
The bending moments are shown in Fig. 36c. 
6.5. Approxima te Solutions of Shallow Shell Problems 
The solutions of four shallow shell problems by the approximate 
method of the preceding chapters are presented in this section. The first 
two examples are of displacement problems of shallow spherical shells for 
which exact solutions are "available. The other two problems are for shallow 
cylindrical and hyperbolic paraboloidal shells with circular planform. 
In the approximate solution of a shell problem, the following 
quantities are determined: 
1. Four quantities at each of NL node points on the boundary; 
2. The displacements (u,v,w) at NL pre-selected interior node points; 
3. The displacements (u,v,w,WX,wy ) and stress resultants (Nx ' Ny' 
Nxy' Qx' ~, Mx ' My' Mxy) at any non-singular interior point. 
115 
The number of node points for the approximate solution is limited to NL = 24 
and ND = 16 in order to avoid the use of secondary storage devices for the 
computer program. This limit corresponds to systems with no more than 
144 unknowns. For the problems solved) the following numerical values have 
been used: 
NL 16) ND 16 (N 112) 
E 1000) V 0.25 
a = 1.0" t 0.05 0 
c 53·33" D 0.0111 
U 0.1 w 1.0 
0 0 
k O.lJ 0.05 J a 
A. 1, OJ -1 
6.5.1. Shallow Spherical Shells 
(a) Boundary displacements and surface loads specified, 
U. 
l 
f. (s) 
l 
on L, i 
in D, 
The-functions fi and Pk are defined in Appendix G. The shell c~rvatures are 
kl = k2 = 0.1. Figure 39 shows the variation of the prescribed displacements 
on the edge of the shell. The distribution of the surface loads along the 
positive x and y axes are- shown in Fig. 40. The load also varies fairly 
rapidly in the circumferential direction. It should also be noted that PI 
and P2 are large relative to P3. 
The approximate and the exact solutions are presented in Figs. 41 
to 44. The distribution of the tractions on the boundary is shown in Fig. 41. 
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The displacements, in-plane and flexural stress "resultants along the positive 
x axis are plotted in Figs. 42, 43 and 44, respectively. Some of these 
results are also listed in Tables 22, 23 and 24. 
(b) Uniformly loaded spherical cap with fixed edge support, 
Frob. (S2,C,U,b): 
U. 0 on L 
l 
I/' -~\ 
PI P2 0 \b.))) 
P3 = 1 
The solution to this problem is presented graphically in Figs. 45 and 46 for 
k = 0.1, 0.05 and O. The results for k = 0 are for a circular plate. In 
Table 25 the approximate values of displacements and stress resultants at 
the center and edge of the shell are compared with the exact values computed 
from the analytical solution given by Wan [48]. 
6.5.2. Shallow Cylindrical Shell of Circular Planform 
In this example, the shell is uniformly loaded and fixed at its 
edge, Fig. 47a, Prob. (Sl,C,U,b). The boundary conditions and loads are as 
given in Eqs. (6.35). The shell has curvatures ~ = 0.1, k2 = O. The values 
of the other parameters are given in Egs. (6.33). The variation of the 
reactions (tractions Tl , T2, Vn and Mn) at the edge of the shell is shown in 
Fig. 47b. Figure 47c gives the displacements along the x ane y axes. 
6.5.3. Shallow Hyperbolic Paraboloidal Shell of Circular Planform 
In this problem, the shell also is uniformly loaded and has fixed 
edge support (see Fig. 48a). Some of the results in the approximate solution 
are presented in Figs. 48b and 48c. 
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The maximum values of displacements and stress resultants obtained 
by the approximate method are listed in Table 26 for uniformly loaded shallow 
shells of various shapes. All these shells have fixed edge supports and 
circular planforms. 
6.6. Discussion of Results: Errors and Convergence of the Approximate Method 
Results of the approximate solutions for several boundary value 
problems of plates and shallow shells by t~e integral equation method developed 
in this study have been presented in the preceding sections of this chapter. 
The results from the exact solutions also have been given for a number of 
these problems. Thus, we can determine the errors and check the convergence 
of the approximate method. In the following sections the errors and con-
vergence of the approximate solutions for a number of these problems are . 
discussed. 
6.6.1. Errors of the Approximate Solutions 
The errors discussed below pertain to the first problem in each of 
Sections 6.4.1, 6.4.2 and 6.5.1; namely the in-plane displacement problem of 
an elliptic plate, the flexural tractions problem of a circular plate and the 
displacement problem for a shallpw sphe~ical shell. In these problems the 
specified boundary quantities vary fairly rapidly, so that the errors of the 
approximate solutions are expected to be larger than those for the other 
problems. 
The numerical quadrature errors occur at two stages of the approxi-
mate method. First) there is the error eB associated with the determination 
of the boundary values. Then we have the error EI arising from the direct 
numerical quadratures for evaluating the interior values. An overall measure 
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of the errors in the boundary values is defined as, 
NL 1/2 NL f E~ I Ix. I L-J l l 
i i 
eB NL NL 
where E. is the error of the boundary value X. at the ith node point. The 
l l 
relative error in an interior value is 
where E is error in the approximate value and X is the maximum value of 
max 
the quantity at the interior points being considered. The error eB is listed 
in Tables 27 and 28 for the three problems mentioned above and for various 
values of NL , The relative errors of the boundary values at a few typical 
points and of the interior values at points (0,0), (0.5,0) and (0.9,0) are 
given in Tables 16 to 24. 
An examination of the error discussed above shows that even for 
relatively few node points the errors in the approxtmate solutions are quite 
small in spite of the fact that the boundary values vary fairly rapidly 
(see Figs. 26, 32 and 41). For example, the largest value of Tl in the 
in-plane displacement problem has a relative error of 0.0073 for NL = 16 
and 0.0007 for NL = 40. These values are representative of the errors obtained 
for the various plate flexure and extension problems considered. As is to be 
expected, the error for the shallow shell problems are larger. The relative 
error in the interior values displacement problem for a spherical cap is of 
the order of from 1 to 5 percent for NL = ND = 16. It is interesting to note 
that, in general, the interior values are more accurate than the boundary 
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values from which they are computed. This is due to the Ilsmoothingl! effect 
of numerical integration. Also) in the interior the approximate values are 
more accurate for points far from the boundary than for points near it. 
6.6.2. Convergence of the Approximate Solutions 
It was shown in Section 5.8 that in the approximate solutions the 
errors are approximately of the order h4 for the boundary values and h3 for 
the interior values·. This means that the approximate solution (interior) is 
expected to converge to the exact one like' N~3 as NL is increased. In this 
section we determine the actual convergence exponent S and demonstrate by 
graphic extrapolation that the approximate solutions for increasing values 
of NL converge to the exact solution. 
First we determine the exponent S in the equation for the errors) 
-s 1 
eB CINL 
-s 
EI 
2 (6.38) C2NL 
or 
log eB log C -1 Sl log NL 
log EI log C -2 S2 log NL 
Figure 49 shows the plots of these equations for the in-plane displacement 
problem for an elliptical plate (Prob. (Pl)E)U)a) discussed in Section 6.4:.1). 
The graphs are approximately straight lines) the slopes of which are Sl = 3-2 
and S2 = 2·9· The deviation of the points corresponding to large value of NL 
is due to the dominance of round-off in the total error. 
In Fig. 50a the absolute value of the actual errors in Tl at node 1 
are plotted against N~3. Figure 50b shows similar plots for the errors in 
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uCo,o) and N
x
·CO.5)0) vs N~3. These results show that the errors of the 
approximate solution tends to zero at the rates indicated. As was predicted) 
the rates of convergence are somewhat slower than that indicated in the exact 
error analysis presented in Section 5.8. However) the rate of convergence 
is certainly rapid enough to allow us to extrapolate to an Tlexactl! solution 
frQm the approximate solutions for two or more values of NL . 
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7. CONCLUSIONS AND RECOMMENDA.TIONS FOR FURTHER STUDY 
7·1. . Summary 
The numerical method for the analysis of plates and shallow shells 
developed in this study can be summarized briefly as follows .. In Chapter 4, 
the boundary value problems of plate extension, plate flexure and shallow 
shells are formulated in terms of integral 8Cluations by the use of Betti's 
Law, starting with governing differential equations and boundary conditions 
presented in Chapter 2. The reciprocal relationship between the actual state 
of stress and certain singular auxiliary ones results in a system of integral 
eCluations which is an exact analytical formulation of the problem and, 
therefore, is eCluivalent to the differential eCluations together with the 
boundary conditions. However, the integral eCluation formulation has certain 
advantages over numerical treatment based on the eCluivalent differential 
eCluations and boundar~ conditions. 
The approximations in the method occur at two stages. First, the 
integral eCluations in the unknown boundary values are reduced to a system of 
algebraic eCluations (Section 5.5) by the Cluadrature formulas derived in 
Sections 5.3 and 5.4. The strongly focusing character of the kernels of the 
integral eCluations, derived from the singular states of stress, ensures that 
the resulting set of algebraic eCluations is well conditioned. The second 
level of approximation occurs in the determination of the displacements and 
stress resultants at an interior point from. the specified and computed 
boundary values by standard Cluadrature techniClues. In the numerical scheme, 
the integrals are approximated analytically in the neighborhood of singular 
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points in the'auxiliary fields in order to take into account the rapid 
variation of the singular kernels. 
7.2. General Conclusions 
On the basis of the numerical results for the plate and shallow 
shell problems discussed in Chapter 6, some conclusions can be draw~ about 
the method of analysis. The integral equations with focusing kernels 
provides an effective approximate numerical method for the solution of a wide 
range of static boundary value problems of elastic plates and shallow shells. 
The approximate results for the various plate extension and plate flexure 
problems considered are in excellent agreement with the exact analytical 
solutions (see Sections 6.4 and 6.6)~ For example, in a flexural traction 
problem in which the boundar~y- values vary fairly rapidly, with as few as 
16 node points on the boundary the relative error EI in the deflection w 
computed along the x axis varies from 0.30 percent at the center to 0.76 per-
cent near the boundary. For NL = 40 the corresponding values of EI are 
0.01 percent and 0.05 percent. These values are representative of the error 
in the approximate solutions of the plate problems considered. The errors 
for ,the shallow shell problems are somewhat higher. 
An analysis of the errors in the approximate solutions (Section 6.6) 
shows that both the boundary values and interior values converge to the exact 
solutions like N~3 as NL is increased. However, for large values of NL(>60) 
the roundoff errors dominate the errors of approximation. In general, the 
relative errors of the interior quantities obtained by the approximate method 
are smaller than those of the approximate boundary values from which they are 
computed. In order to avoid large errors at points near the boundary, 
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consideration' must be given to the rapidly varying character of the integrands 
of the formulas for these points in the numerical ~uadrature scheme. 
The errors and rate of convergence of the approximate solutions 
are sensitive to the order of approximation used in the numerical procedures. 
It was found that for the same accuracy, the first order approximation 
(trapezoidal, N = 1) re~uired a much larger number of nodes than was needed 
for the second order approximation (N = 2). 
The problems of plates o~ shells. subjected to concentrated loads 
and line loads are handled by the method without analytical or numerical 
difficulties. 
In addit'ion to the above conclusions, the following general state-
ments can be made about the integral e~uation method. 
1. The integral e~uation method,.as presented in this study, is 
applicable to a wide range of plate and shallow shell problems. 
2. Although, theoretically, the auxiliary states of stress can be 
arbitrarily selected, from a computational standpoint the choice is dictated 
by: 
(i) The desire to have kernels which are focusing, 
(ii) the difficulty of computing the ~uantities associated 
with the auxiliary solutions, and 
(iii) the need to have expressions which are numerically 
integrable. 
The difficulty of computing the analytical expressions for the kernels from 
the auxiliary displacement fields is more than offset by the simplicity of 
the method once these ~uantities are determined. 
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3. 'The integral equation method is readily adapted to numerical 
computational methods. In particular, because the same computations are 
made at all points and each interior quantity is computed from the boundary 
values independently, the method is especially suited to the parallel compu-
tational methods envisaged for the new generation of high-speed electronic 
computers. 
4. In general, for a desired accuracy the method presented in this 
study requires fewer node points and unknowns than are required by the finite 
difference, the finite element or the discrete model methods. Moreover, the 
convergence for the approximate integral method is faster than for the other 
methods. 
5. In the approximate solution, all the quantities relevant to a 
given problem are determined. The unknown boundary values are found directly 
from the system of equations.* The .displacements and stress resultants at 
any point (and as many points as desired) in the interior are directly and 
independently computed from the boundary values and surface loads, to at least 
the same degree of accuracy as the computed boundary quantities. 
7.3.' Recommendations for Further Study 
The approximate numerical method of analysis presented in this 
study is applicable to a wide range of practical problems. Certain problems 
of practical interest, such as flexure of plates on elastic foundations, plates 
and shells with openings (defined by smoothly curved boundaries), point supports 
and elastically supported edges can be solved by the integral equation method. 
No additional analytical work and only minor modifications of the computer 
* For the problems of shallow shells and plates on elastic foundations, the 
displacements at interior node points are also obtained directly from the 
system of equations. 
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programs developed for the solutions of the problems considered in this 
stu~ are required to treat such problems. Tem~erature effects can also be 
readily considered in the present integral equation formulation. 
The method may be extended to include problems of non-shallow 
shells. To do this, it is necessary to determine the expressions for the 
kernels in the shell coordinates. If the kernels are derived from the 
auxiliary plate displacements as suggested in Appendix A for shells of 
revolution, more accurate quadrature formulas need to be developed for the 
surface integrals since the residual loads build up fairly rapidly by virtue 
of the deviation of the shell from its tangent plane. 
It would be useful to investigate the extension of the method to 
problems involving singularities .in the boundary quantities. In the present 
method, these quantities are assumed to be smooth or expressable as a finite 
number of point values. Thus, the problems of notches, re-entrant corners 
and singularities in the boundary values arising from boundary discontinuities 
are excluded. In order to apply the integral equation method to these 
problems, the character of the singularities in the boundary value has to be 
considered. 
Some other extensions of the method are to the solutions of problems 
involving non-uniform thickness, anisotropy, piecewise homogeneity (inclusions) 
and elastic and geometric nonlinearities. All of these problems, for which 
reciprocal relationships are applicable [5J, can be formulated in terms of 
integral equations which can be solved numerically. The method can also be 
used to solve the eigenvalue problems of buckling and vibration of plates and 
shells. Kupradze [27J has formulated the vibration problems of two- and 
three-dimensional elasticity starting with the differential equations of 
motion. 
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Although the classical boundary value problems of three-dimensional 
elasticity were formulated in terms of integral e~uations by Somigliana and 
others [lJ in the 1880's) very few numerical solutions to these e~uations 
have been obtained. The extension of the numerical procedures presented in 
the present study to three-dimensional problems seems a possible alternative 
to finite element and finite difference approaches. 
Although all the examples presented in this study are of linear 
problems, any iterative solution of non-linear problems by successive lineari-
zation can also be carried out with the aid of the integral e~uation techni~ue. 
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'" TABLE 1. DIFFERENTIAL OPERATOR D. . FOR PLATES lJ 
,...., 
I ,...., '" 
Dil Di2 Di3 
2 l+V d2 if- l+V d 0 
- 2 ?Jy2 "'2 dx'dY 
l+v d2 
-1- l+v d2 . 0 
"'2 dx'dY - 2 dx2 
0 0 _ h
2 J+ 
12 
{"<oJ 
TABLE 2" DIFFERENTIAL OPERATOR D.. FOR SHALLOW SHELLS lJ 
2 l+V ,d 
""""2 dx'dY 
d 
-/' k "'\::" 1 oX 
"11 = 1 + vt,-
2 l+V d 
2 dx'dY 
'V _.. I '\ 12 - V T I\, .J 
k = ~ 
2 
'" = 1+2VA + f.. 
'3 
x C 
x C 
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TABLE 3. DIFFEREN"TIAL OPERATOR FOR CYLINDRICAL SHELLS 
,...., r-.J ,...., 
Dil Di2 D'3 l 
2 d2 I d -l- _ l+V ~ l+V I V 
2 dP2 ""2dxdP 
1 
RdX 
0 
l+v d2 if _ l+v 2- l 1 d 
2dxdP ~ RdP 2 dX ,1 
II 0 
x C 
~ 
V d 1 d I h2 J+] - R dx - R do -[1 + -o P 12 0 l 
cp = R ce 
o 
TABLE 4. DIFFERENTIAL OPERATOR FOR SPHERICAL SHELLS 
I~ 
v - ~u~ 'YL2 ce 2 ' ~u~'YL2 d:poB - \-'-'·v J cr.p 
2 . 2 ] 3-v () J cos cp + VSln cp 2 cotcp dB 
I 
[ 2 
; 2 C l+v c 'yF l+v ( Cd) (l+v) Csccp 2 ~- : - - -+ cotcp ~ csccp dB 
" 2?Jcp2 
3-v () J ~ I-V 2' cotcp dB - 2' cos 2cp 
d d 
-[ 2(1+v) + ~: R~+ ] -(l+v) Ccp 
f 
-(l+V)csccp cB 
K .. 
'~J 
U~l) 
J 
U~2,) 
J 
u~3) 
J 
( ~-) U. 
J 
u(~-) 
j 
I 
I 
l 
I 
I 
1 
1 
I 
I 
TABLE 5. DISPLACEMENT KERNELS K .. 
. ' lJ' 
~ I dw we=: - -" " 0 I" ~"----~""-"~~- " n "0 Cln 
I 
1 
u v 
2 
I 
-Yr r log r' - Yr 
x xy 
I 
-')'r r log r' -
xy 
I 0 0 
'Ir21 0 0 
----+------' Y-r 2 1 r' -rr (1 + 2 log r' ) 
r og n 
0 
o 
l+V 
')' = 3-v 
I 0 
o 
r' r/2a 
o " 
-rr (1 + 2 log r') 
V 
-2rr log rl 
V 
+(l+v)rr sin-lr 
l' l' 
131 r r + rtr n V l' :; 
'131 (1 + 2 log r')+ 2r r n V 
2131 log r' + 2r r . n V 
-1 ) -(l+V)(~lsin r1' - r t t1' 
ql r r - r r t n l' V 
\-l 
'vi 
'vi 
T .. 
lJ 
T~l) 
J 
T-~2) 
J 
T~3) 
J 
T~4) 
J 
"'(4) T. 
J 
T1 _ 
C' (1 + br2)r /r 
x n 
C' (-rt+br r r )/r 
x Y n 
0 
0 
0 
TtiBLE 6. TRACTION KERNELS J. . FOR PLA. TE PROBLEMS 
.. lJ 
1 
T2 V 
- - - - ·n- -'-
C'(rt+br r r )/r 0 x y n . 
C 1(1 + br2 )r /r 0 
- Y n- . . . . 
I -2D[2r + 
0 n 
(l-v)p(r -Kr)]/r 
n 
-2 
-2D([3-v-2 (1-v)r ]p t 2 
0 2 
+4(1-v)(r -Kr)r rtr 1/r n n '! -
2 2D(1-V){(1-v)r P2 + 
n 
0 2[2r r -(l+v)r r ]r r -
n '! V '[ n.'[ 
[4r rtr +(l+v)pr ]Kr}/r2 
n 'T V 
C' (l-VtEt b - 2 l+v r 1 +v) 3 -v) , - 1-v 2 2 P r - r n t P2 rtr'[ - rnrv 
M I 
11: 
-
0 
0 
I 
I 
I 
-2D[ (l+v) (l+log r' I 
I 
1-V + -p] 2 
2D[(1+v)r + V 
2(1-v)r rtr l/r n '! 
2D(1-v)[2rt r'! + 
(l+v)r r Jr /r 
n v n 
I 
j--I 
\.).J 
-I=='" 
Sl 
K12 
K21 
K22 · 
IS3 
1J4 
K43 
K44 
Kll 
~2 
K21 
K22 
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TABLE 7. EXPRESSIONS FOR THE KERNELS: CIRCULAR REGION 
Displacements} K Tractions} J 
(a) Singularity at center A of circular region 
o 
2 CT 2 log E' 
-
'Ycos ljr J ll -- (1 + b cos ljr) E 
- /,sinljrcosljr J12 
Cf 
sinljrcosljr -b E 
- /'coslJrsinljr J21 
Cf 
cos IJrsin\jr '-b E 
E' . 2ljr Cf 2 log - /,sln J22 - (1 + b sin ljr) E 
2 E' J33 
4D E log - -E 
-E(1+2 log E' ) J34 -D[3+v+2 (1+v)log E
r ] 
E(1+2 E')cosB 2D log J43 - 2' (3-v)cosB E 
-(3+2 log E')cosB J44 
2D (l+v)_cosB - -E 
ljr = B +0; E' = E/2ao 0 
(b) Singularity at a point B on a circular boundary 
0 
log . . 2 J ll 
Cr (1 + b sin2cp) Slnw - /,sln cp 2a 
0 
rsincpcoscp J12 
C' (cotw-bsincpcoscp) 2a 
0 
'Ycoscpsincp J21 
C' 
- 2a. (cotw+bcoscpsincp) 
0 
log sinw - 2 J 22 
C' 2 ycos cp 2a (1 + bcos cp) 
0 
I 
IS31 
I K34 
K43 
K I 
441 
~ I 
K43i 
'"" 
K44 
TABLE T. EXPRESSIONS FOR THE ~""ELS: CIRCULAR REGION (Continued) 
43. 2 . 2 1 Sln W og sinw 
0 
I) 
-2a sin~w(1+2 log sinw) 
0 
-2a sin2w(1+2 log sinw) 
0 
-cos2w(1+2 log sinw)+2sin2w 
-43. sin2w log sinw 
0 
+a ( 1+ V ) (77/2 -w ) s in2w 
0 
-2cos2wlog sinw + 2sin2w 
2· 
- (1+v)[(rr/2-w)sin2W+cos w] 
cp w + ex 
o 
I 
I 
, 
i 
D J 33 - -- [2 + (1-v)cos2w a 0 
J 34 -2D[ .(l+V) (l+log sinw - l;V cos2w] 
D 2 J 43 - ~ [l+V)csc w-2(1-V)cos2w] 2a 
0 
D 2 J 44 -- [1+V-2(1-V)cos w] a 
0 
J43 i D (I-V) (3+V)cos2w 2a2 
0 
'"" D (1-V)[1-V+(3+v)cos2w] J 44 - 2a 
0 
I 
I 
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TABLE 8. EXPRESSIONS FOR THE KERl'fELS K AND J: 
THE SIN"GUIAR POINT ON A STRAIGHT EDGE 
Displacements, K .. lJ Tractions, J .. lJ 
Kll log Sl - I sin
2
a J ll 0 
Ki2 sino:cosa J 12 
1 
I -s 
K21 cosasiro J 2l 
1 
I - -s 
K22 log s' 
2 J 22 0 - I cos a 
K33 
2 s' s' I s/const ~ I J 33 0 slog , = 
IS4 0 J34 - D[l + 3v + 2(1+v)log s'] 
_ •....... 
-.- .- -- --.--
J 
.. _--
K43 -cY- J 43 .l+v) --'2 
s 
K44 1 + 2 log s' J 44 0 
f'J 
_ l+v 7r I s I f"<J I K43 2 J 43 0 
,..., ,...., 
K44 1 + v + 2 log s' J 44 0 
TABLE 9. APPROXIMATION COEFFICIENTS (ct .. ,~.) FDR THE DISPIACEMENT 
l l 
f"oJ 
a 
a 
2 
- 1m 
a 
1 
- - ICl 2 a 
1 
- - ICl 2 a 
o 
o 
o 
-1 
o 
- (l+v) 
,....., 
t31 = 0 
KERNELS NEAR A SJNGULAR POINT ON A CURVED EDGE 
o 
o 
o 
o 
l+V + -7T 
- 2 
- l+v 
+ - 'TT'K 2 
2 
(6/ Pa - 1) ~4 + ICla 
o 
K 
- 2" 
K 
- 2" 
U 2 
12 K 
l+v 
- -K 2 
i+v I 13 + 9v K2 I 
- ~ TTK + 12 
I 
Cl
a 
= 2£ ill a a 
1 
o 
o 
1 
o 
o 
o I 
-2 
o 
-2 
o 
o 
o 
o 
1 
-K 
-K 
2 
K 
-K 
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TABLE 10. APPROXIMATION COEFFICIENTS (a. j ~.) FOR THE' TRACTION 
l l 
, 
("oJ 
ex 
o 
J 441 ( 1-3v ) K 
i 
KERNELS NEAR A SINGULAR FOINT ON A CURVED BOUNDARY 
Kl (3-5v) -3 
(l-V) (3+v )KK,' 
Kl 
4(1-v) 3 
2 
(5-7v) ~ 12 
( ') K" 1-v 3 5-7v - - - K 12 2 
o 
o 
o 
o 
o 
,...., 
t3 ' 
2 
o 
o 
o 
o 
o 
2(1+V) 0 
o o 
o o 
o o 
o I 0 
j 
! 
X Cl 
x( -D) 
I I 
I J 3l I 
J32 l 
i 
J 41 I 
r 
I 
I 
J J42 ~ [ 
,..., 
J 41 
,..., 
J 42 
a = 
-1 
,..., 
a = 
-1 
,..., 
a = 
-2 
'" t31 
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TABLE 10. APPROXIMATION COEFFICIENTS (a., ~.) FOR THE TRACTION 
1. 1. 
0 
0 
0 
0 
0 
0 
1 for 
-1 for 
2(1+v) for 
0 
KERNELS NEAR A SINGULAR POJNT ON A CURVED BOUNDARY 
(Continued) 
I 
1 
0 0 0 ! £0 / 1 I 
t 
I 
0 0 0 I mo/2 ; 
£ ! I 0 0 0 £o/lK "211 K ! 
f 
~ 
m t 
0 J i 0 2"" 1'2 K ! o ! m/,,..,K r. ! o C I 1 
i 
r 
l+v £ I l+v (mn -£ )K'Y1 
f 0 f £o/lK 2 rr 0 1 2 o 0 ! 
I 
l+v l+V (m -7r £ ) K'Y 2 o I 2 TrlIlol'2 mo/2K 2 o 0 
f 
J12 
2 b = 2 l+v b1 = 1 + bio 1-v 
J 21 b2 
2 
= 1 + bm 
0 
J 43 b3 = b£m 
b 4 = b1 - b 2 
I I I 
I 
x(Ck) 
I 
I, 
f 
I 
I 
I 
! 
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TABLE 11. INTERPOLATION COEFFICIENTS Ank 
~ -1 0 1 
0 0 1 0 (0)* (1) (0) 
-h. h.-h. 1 h. 
1 l l l- l h. 1 (h.+h. 1)' (;;) h.h. 1 , h.(h.+h. I)' 1 l- l l- _ l l ... (0) l l l- (2h) 
1 -1 1 2- h. 1 (h.+h. 1)' (.1:....) h.h. 1 (2:.) h.(h.+h. 1)' (.J:... ) l- l l- l l- l l l-
2h2 h 2 2h2 
* The quantities in parentheses are values of Ank for constant spa ching h. 
G 
~l 
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TABLE 12. QUA_DRATURE COEFFICIENTS C : THE SINGULAR 
P 
FDINT AT THE CENTER OF A SURFACE ELEMENT 
G 
A 
- 1r (1 + / - log A~) 
A 
- 1r (1 + / - log A~) 
A Ck)' 1 (1 + log A' Y p . p 
A CkYl(l + log AT) 
P P 
A = area of the singular element p 
A I = A /2rra p p a 
C 
P 
A 2 k/l 
- ( -.£ ) - (1 - 2 log A I ) 8IT d P 
A 2 k/2 
-(l) d (1 - 2 log a~) 
A 
- ~ (l+V)(l + log A~) 
A 
- ~ (1 +v ) (1 + 10 g A f ) 
'+'7T P 
F 
A 
B 
Q 
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TABLE 13. VALUES OF THE ELASTIC POTENTIA.LS: UNIT DENSITY; 
THE SINGULAR POINT ON A CIRCUlAR BOUNDARY 
F .. lJ = c J G .. dS o lJ 
G 3 4 
J 3j -4'TTD -47ra D(l+V) (1 0 - 2 log 2) 
J 4j 0 4'TTvD 
i""J 2 J 4j 0 7rD(l-V ) 
27ra3 (1 - '2 log 2) . 2 (1 - log 2) K3j -47ra 0 0 
2 
- log 2) K4j -47Ta (1 27Ta 0 0 
'" 2(1-V ) 27Ta (l-V) K4j -217R - - 2 log 2 o 2 0 
~j ~ a~(l ~ 3 log 2) --
* ~. a~(3 - 4 log 2) K4j - --
"'* 7T 3(1-V 4 ) K4j - a - - log 2 --202 
Co = 1 except for J 43 , c= 0 o 
TABLE 14. VALUES OF THE ELASTIC POTENTIALS: UNIT DENSITY; 
THE SINGULAR POINT AT THE CENTER OF A CIRCUIAR REGION 
F=JGdS 
F G 3 4 
A3j J 3j -SrrD -2rra D[3+v-2(1+v)log 2] 0 
K3 · -27m
3 log 2 2 - 2 log 2) B..,.. -2Tra (1 )J J1 0 0 
~j 
4 ' Q3j - ~ ao(l - 4 log 2) --
M6j M6j -27Ta D(l+v) (1 - log 2) 0 -4TrD(1+V) 
L6j L6j 0 
D2 2 
-47T - (l-v ) a 0 
TABLE 15. EXPRESSIONS FOR THE KERNELS LAND M IN TERM OF J AND K 
n M 
... nI Mn2 Mn3 Mn4 
1 ~1 1 + vK21 2 ~2 1 + VK22 2 kYIIJ. K33 kr1IJ. K34 , , , , 
K22 2 + VS2 1 k)'21l K33 ky 111 K34 2 K21 2 + VSI 1 , , , , 
3 I-v ( ) I-V ( ) 0 0 ~ Kll 2 + K21 1 ~ S2 2 + K22 1 ......... , , , , 
4 0 0 ifIS3,1 ifK34,1 
5 0 0 if1)3,2 ifK34 ,2 
6 0 0 1)3,11 + vK33 ,22 ~4,11 + vK34,22 
7 0 0 K33,22 + vK33 ,11 K34,22 + vIS4,11 
8 0 0 (l- v )IS3,12 (l- v )K34,12 
2 dK11 
Kll,1 = d}C 
o 
2 
K... - d K 53,22 - dx2 33 
d d K34 d2 
ifIS4 1 = dX ( 2 + 2 IS4) , etc. 
, 0 dX dy 
kYl = kl + vk2 ' 
6 I-v 
,,=----
t-" 2 3-v t 
o 0 
kY 2 '= v~ + k2 
Multiplier 
1 3-v 
- 4::- . 3-v 
1 
f)fr 
\--l 
+:-
+:-
n 
1-
2 
3 
4 
5 
6 
7 
8 
TABLE 15. EXPRESSIONS roR KERNELS L AND M IN-TERMS OF J AND K (Continued) 
Lnl L Ln3 Ln4 -
- n2-- - -
J11 1+v321 2+'i331 , , 31~ 1+v322 2+1i332 , , l'i333 
.. 
1'1334 
321 ;,2 +V3 11,1 +, 2331 322 2+v312 1+12332 , , r2333 '2334 
I-v ( ) 1-v . - 0 0 ~ 311 2 + 321 1 ~ (312 2 + 322 1) , , , - , 
- - -
.J-331,l if332 ,1 .J-333 ,l ¢334,1 
.J-331 ,2 .J-332 ,2 .J-333 ,2 .J-334 ,2 
331,,11 + v331,22 332 ,11 + v332,22 333 ,11 + vJ33 ,22 334,11 +v334,22 
331,,22 + v331,11 332,22 +v332,11 333 ,22 +v
3
33,ll 334)22 +v334,11 
(I-v) 331,12 (l-v) J 32 ,12 (l-v) J 33 ,12 (I-v) 334,12 
-
r i ky IIJ. 1 2. kr 2f-L 
Multiplier 
1 3-v 
- 41T . 1-v 
1 
-&r 
I-' 
+:-
\J1 
11+6 
TABLE lb. SOME VALUES OF THE BOUNDARY TRACTIONS roR THE 
PLATE EXTENSION PROBe (Pl,E)U)a) 
NL = 16,40 
Tract. Node A:gproximate Values Exact Rel. Error NL = 16 N = 40 Value (NL = 40) L 
1 (1)* 190·52 188·95 189·09 0.0007 
2 274.02 274.23 0.0007 
Tl 6 (3) 308.52 305.25 305.45 0.0007 
11 (5) -191.13 -188·97 -189.09 0.0006 
40 85.40 85.44 0.0005 
1 (1) 12·32 14.33 14.54 0.0145 
2 22.61 22.82 0.0094 
T2 6 (3) 33.06 29.34 29·09 0.0084 
11 (5) -12·72 -14.29 -14.54 0.0175 
40 4.66 4.84 0.0375 
* The integers in parentheses are the node point numbers for the 
approximate solution with NL = 16 
TABLE 17. DISPLACEMENTS AND STRESS RESULTANTS AT POINTS 
(0,0) AND (0.5,0): PROBe (Pl,E,U,a) 
Point Q1,l.ant. Approximate Values Exact ReI. Error N = 16 N = 40 Value (NL = 40) 'L L 
u 2.374 2.3639 2.3636 0.0001 
v 2.832 ·2.8184 2.8182 0.0001 
(0,0) N 0.000 -0.0001 0.0 
x 
N 0.000 -0.0006 O.C y 
N 0.000 -0.0002 0.0 
xy 
u 2.528 2·5227 2·5227 0.0000 
v 2.118 2.1134 2.1136 0.0002 
(0.5,0) Nx 91·958' 94.472 94·545 0.0008 
Ny 126.641 123·718 123.636 0.0007 
N 8.558 7·190 7·273 0.0114 xy 
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TABLE 18. SOME VALUES OF THE BOUNJ)\RY DISPLACEMENTS 
FOR THE PLATE EXTENSION PROB. (P1,C,T,a) 
N = 40 L 
Displ. Node Approx. Exact Relative Value Value Error 
1 2.9998 3·0000 0.0001 
2 3·8225 3·8292 0.0013 
U1 6 3.9942 4.0000 0.0012 
11 -1.0067 -1.0000 0.0014 
40 1·9694 1.9749 0.0011 
1 0~0001 0.0000 0.0000 
2 0.3526 0·3580 0.0022 
U2 6 1·9902 2.0000 0.0041 
11 1·9902 . 2.0000 0.0041 
40 -0.2664 -0.2601 0.0026 
TABLE 19. DISPLACEMENTS AND STRESS RESULTANTS AT 
POINTS (0,0.5) AND (0,0.8): PROBe (Pl,c,T,a) 
NL = 40 
Point Quantity Approx. Exact Relative Value Value Error 
u 1·5102 1·5227 0.0042 
v 2.5959 2.6136 0.0063 
(0,0.5) Nx 297·34 298.18 0.0014 
Ny -7·39 7.·27 0.0084 
Nxy -94·36 94.54 0.0010 
u 0.2026 0.2109 0.0026 
v 2.2794 2.2945 0.0051 
(0,0.8) N-v- 472.37 477·09 0.0092 
.n. 
Ny -10.05 -11.64 0.0032 
Nxy -149·74 -151.27 0.0030 
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TABLE 20. SOME VALUES OF THE BOUNDARY DISPLACll1ENTS 
FOR THE PLATE FLEXURE PROBe (P2,C,T)a) 
NL = 16,40 
Quant. Node Approximate Values Exact Re1. Error N = 16 N = 40 Value (NL = 40) L L 
1 (1)* 3·000 3·0000 3·000 0.00 
2 3.8184 3.8292 0.0028 
w 6 (3) 3·853 3·9881 4.0000 0.0030 
12 -1.8274 -1.8291 0.0009 
40 1.9683 1·9749 0.0033 
1 (1) 0.026 0.0080 0.0000 
2 0·3705 0.3580 0.0083 
?Jw 
- dD r:. (-z..'1 r) 1P:Z: 2.0159 2.0000 0.0079 v \.// L • ..1-V./ 
12 1.6278 1.6420 0.0087 
40 -0.2574 -0.2601 0.0105 
* See note after Table 16. 
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TABLE 21. DISPlACEMENTS AND STRESS RESULTANTS AT 
POINTS (0.5,0) AND (0.9,0): PROBe (P2,C,T,a) 
(x,y) Quant. Approximate Values Exact ReI. Error 
N = 16 N = 40 Value (NL = 40) L L 
w 2.155 2.1558 2.1562 0.0002 
W 2.266 2.2509 2.2500 0.0004 x 
Wy 5.679 5.6249 5.6250 0.0000 
(0.5,0) ~ 1.582 1·5992 1.6000 0.0005 
~ 3·779 3·7322 3· 7333 0.0003 
Mx 0.049 0.0442 0.0444 0.0063 
My 0.687 0.6774 0.6778 0.0005 
Mxy -0·531 -0.5168 -0.5167 0.0002 
W 2·923 2.9443 2·9458 0.0005 
w 
x 
0.804 0.9966 1.0260 0.0286 
Wy 6.799 6.6119 6.5970 0.0023 
Qx 1·908 2.1391 2.8800 0.257 
(0.9,0) ~ 7·089 6.8832 6·7200 0.024 
Mx 1.022 0.9701 0·9404 0.031 
My 0·758 0.8342 0.9018 0.075 
~ 0.244 0.2553 0.2673 0.045 
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TABLE 22. SOME VALUES OF THE BOUNDARY TRACTIONS FOR 
THE SPHERICAL CAP PROB. (S2,C,U,d) 
NL = 16) N = 16 D (N = 112) 
Quant. Node Approx. Exact Relative Value Value Error** 
1 29·55 29.45 0.008 
2 44.50 45.42* 0.020 
Tl 3 33·90 34.13 0.005 
5 -11.11 -9.45 0.036 
15 -24.51 -24·70 0.004 
1 -0.66 
-0·73 0.003 
2 14.07 13·11 0.047 
T2 3 19.88 20.31* 0.021 
5 -6.46 -7·39 0.045 
15 7·46 7·97 0.025 
1 0.433 0·367 0.080 
2 0.833 0.825* 0.010 
V 3 0.844 0.800 0.053 n 
5 -0.291 -0.367 0.092 
15 -0·774 -0.800 0.031 
1 0.179 0.156 0.060 
2 0.419 0.367 0.138 
M 3 0.417 0·372* 0.113 n 
5 -0.141 -0.129 0.035 
15 -0.380 -0·344 0.043 
** The values marked "*IT are considered as the maximum for the 
purpose of determining the relative errors. 
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TABLE 23. DISPLAC~TTS AT INTERIOR NODE NO.1: PROBe (S2,C,U,d) 
Approx. Exact Relative 
Value Value Error Quant. Node 
u 0.266 0.257 0.036 
v 1 0.275 0.272 0.012 
W 2.195 2.324 0.057 
TABLE 24. DISPLACEMENTS AND STRESS RESULTANTS AT 
PO INT (0. 5 , 0) : PROBe (S2,C,U,d) 
Quantity Approx. Exact Relative Value Value Error** 
u 0.250 0.252* 0.007 
v 0.210 0.211 0.008 
W 2.109 2.156 0.022 
w 2.154 2.250 0.043 x 
Wy 5.599 5.625* 0.005 
Nx 18·795 19·102 0.015 
Ny 20.525 20·537* 0.002 
Nxy 0.455 0.364 0.004 
Q
x 
0.170 0.200 0.066 
~ 0.412 0,.468* 0.061 
M:x 0.0035 0.0056 0.047 
My 0.0813 0.0$47* 0.040 
Mxy -0.0629 -0.0646 0.020 
** See note after Table 22. 
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TABLE 25. DEFLECTION AND STRESS RESULTANTS AT THE CENTER 
AND BOUNmRY OF A UNIFORMLY LOADED SPHERICAL 
CAP WITH FIXED EDGE 
kl = k2 = 0.1, t = 0.05, v = 0.25 
Point (0,0) Point (a ,0) 
Quantity 0 
Approx. Exact Approx. Exact 
w 0·732 0·752 0.0 0.0 
Nx 3.62 3·57 1·70 1·72 
~ 0.0 0.0 -0.338 -0·329 
Mx 0.0413 0.0397 -0.0748 -0.0740 
~ 0.0413 0.0397 -0.0187 -0.0185 
TABLE 26. MAXIMUM DISPLACEMENTS AND STRESS RESULTANTS 
FOR UNIFORMLY LOADED SHALLOW SHELLS OF 
VARIOUS SHAPES, OF CIRCULAR PLANFORMS, AND 
WITH FIXED EDGES 
Maximum Values 
Shell Shape 
u,v w N ,N Qx'~ M ,M x y x y 
Plate: 
~=k2=0 --- 1.406 -0·500 -0.125 
Cylinder: 
~ = 0.1 -0.0144 1.027 . 3·95 -0.428 -0.0988 
k2 = 0 
Spherical 
Cap: 
-0.0111 0·732 3.62 -0.338 -0.0748 
~=k2=0.1 
kl =k2 =0.2 -0.0133 0.670 3·52 -0.133 -0.0196 
Hypar. : 
k., = 0.1 + 0.0112 0·902 ±.2.76 -0.406 _II IIP.P.~ 
..L 
-v.vvV.,! 
k2 = -0.1 
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TABLE 27. BOUNDA.RY VALUE ERROR eB FOR PLATE: 
PROBS. (P1,E,U,a) AND (P2,C,T,a) 
Error eB (Percent 
No. of PROB. (P1"E"U,a) PROB. (P2"C,T,a) 
Nodes, NL 
T1 T2 U3 
16 1.0 18.0 3.2 
24 0.29 5'.1 1.1 
32 0.14 2.3 0.48 
40 0.08 1.2 0.36 
60 0.03 0·35 0.20 
TABLE 28. BOUND.l\.RY TRACTION ERROR eB FOR A SPHERICAL 
CAP: PROBe (S2,C,U,a), NL = 16 
Tractions T1 T2 T3 
p (Percent) 6.6 20.4 12.8 ~B 
U4 
1.0 
0·30 
0.13 
0.06 
0.02 
T4 
4·3 
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z, :3 
t 
I 
x, I 
Pk (x,y) surface loads 
u,v,w displacements 
T. (s) 
J 
L (s) 
n 
boundary tractions 
boundary curves at 
the mid-surface 
-Ail--_--......... y, 2 
. FIG. 1. COORDINATES AND QUANTITIES ASSOCIATED 
WITH THE GENERAL PLATE PROBLEM 
FIG. 2. COORDINATES FOR SHELL OF GENERAL SHAPE 
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Pl , P2 surface loads 
u, v displacements 
boundary 
tractions 
FIG. 3. PLATE SUBJECTED TO IN-PLANE LOADS 
AND DIS P LA C EM E NT S 
z 
~w()(,y) 
FIG. 4. PLATE SUBJECTED TO FLEXURAL LOADS 
AND DIS P LA C E M E NT S 
)( 
(a) Membrane (b) 
P3 surface load 
w deflection 
Bounda ry va 1 ues : 
w, e 
n 
displacements 
v ,M tractions 
n n 
y 
Flexure 
FIG. 5. STRESS RESULTANTS, LOADS AND DISPLACEMENTS 
ON A PLAT EEL E ME NT 
FIG. 6. STRESS RESULTANTS, LOADS AND DISPLACEMENTS 
ON SHELL ELEMENT 
I 
~--ti::---_ L ( s ) 
FIG. 7. FORCES ACTING ON A BOUNDARY ELEMENT 
OF A PLATE OR SHELL 
FIG. 8. SHALLOW SHELL COORDINATES 
(a) Plate, 
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k = k = 0 1 
(b) Circular (or Parabol Ie) Cyl inder, kl = 0, k2 > 0 
FIG. 9. SHALLOW SHELL SHAPES OF ELLIPTIC PLANFORMS 
( c) E lli pt I c Pa ra bo 10 1 d , k l' k2 > 0 
(d) HyperbolIc paraboloid 'k1 > 0, k2 < 0 
FIG. 9. (contInued) SHALLOW SHELL SHAPES OF ELLIPTIC PLANFORHS 
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/- Meridian 
y 
Parallel Circle 
FIG. 10. SURFACE OF REVOLUTION 
y 
z 
(a) Cyl indricai Shell (b) Spherical Shell 
FIG. 1 1 . COORD I NATES OF CY LI NOR I CA L 
AND SPHERICAL SHELLS 
160 
A(x,y) A (x ,y) 
(a) Point load in x direction (b) Point load in y direction 
FIG. 12. AUXILIARY LOADINGS FOR PLATE EXTENSION.; 
(a) concentrated 
force at A 
o 
(b) concentrated 
couple at A 
o 
CONCENTRATED FORCES IN THE COORDINATE 
DIRECTIONS 
1\ 
T 
1\ 
~~~~~~~~~~~~~~ 
. 
FIG. 1 3 . A U X I L I A R Y LOA DIN G S FO R PLAT E FLEX U R E : 
CONCENTRATED FORCE AND COUPLE ON A 
CIRCULAR PLATE 
FIG .. 14. 
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Po. 
T 
(a) Singularity at Interior Point A 
o 
(b) Singularity at Boundary Point B 
o 
CIRCULAR REGION D CONTAINING THE SINGULAR 
e 
POINT OF THE AUXILIARY STRESS ST~TES 
FIG~ 15. DEVIATION OF SHELL MID-SURFACE 
FROM ITS TANGENT PLANE 
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FIG. 16. NODE POINTS FOR AN ARBITRARY PLANFORM 
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FIG. 17. GEOMETRIC QUANTITIES PERTAINING TO 
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FIG. 19. VARIATION OF AUXILIARY TRACTIONS ON A CIRCULAR 
BOUNDARY (SINGULARITIES AT POINT NL / 2) 
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FIG. 20. SOME RADIALLY SYMMETRIC PROBLEMS OF CIRCULAR PLATES 
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FIG. 21. DATA POINTS FOR A CiRCULAR REGION 
j , m Direction Cosines of Normol 
I( Curvoture of Boundary 
K 
Arc Length, s/sl 
NL :: 24 
N :: 16 o 
211' 0 0 h ::---.;;... 
NL 
FIG r 22. VARIAT ION OF THE BOUNDARY PARAMETERS (), m, K.) 
ON A CIRCLE. 
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DATA POINTS FOR AN ELLIPTIC REGION 
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FIG. 25. PRESCRIBED IN-PLANE DISPLACEMENTS ON THE BOUNDARY 
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APPENDIX Ae 
BASIC EQUATIONS FOR SHELLS OF REVOLUTIONS 
A .1. General 
The mid-surface of a shell of revolution is formed by rotating 
the plane curve, 
R = R(a), z z(a) (A.l) 
about the Z axis (Fig. 10). The quantity a is a parameter of the meridian 
(e = constant) and R is the radius of the parallel circle (Z = constant). 
For this type of surface, the orthogonal coordinate lines (a,~) are the 
meridians and the lines of latitude,see Fig. 11. The coefficients of the 
"""2 ..... 2 first quadratic form, A and B , and the principal curvatures, ~ andk2, 
are: 
where (f ) 
cartesian 
"'2 A = 
"'2 B 
kl = 
Z,2 + R,2 
R2 
1 (ZiRI! 
"'3 A 
1 Zr 
'" R A 
- R'ZI!) 
denotes a derivative with respect to the 
coordinates of points on the mid-surface 
X R(a)cosB 
y R(cx)sine 
Z = z(a) 
(A.2) 
parameter cx. The 
are given by 
(A.3) 
where e is'the angle between R and the X axis. The normal to'the mid-
surface z has direction cosines 
Z' 
- A cosB, Z' - - sine A 
R' 
A 
in the Xi(X,Y,z) (i.e., Xl == X, X2 == Y, X:; == Z)coordinate system. 
(A.4) 
Let x. 
J 
b~ the local cartesian coordinates formed by the tangents to the orthogonal 
curvilinear coordinate lines of the mid-surface and the normal to the mid-
surface. Then the transformation between the X. and x. system is given by 
l J 
x. 
J 
e .. 
lJ 
'" A. 
l 
3 
I e .. x. lJ l 
i 
(A.5) 
1 diC. l 
= A'dX-:-j J 
= A, 1 
A vector V. in the X spaGe is transformed to the vector 
l 
in the x space. 
vector 
in the X space. 
v. 
J 
:; 
)' e .. V. 
L lJ l 
i 
(A.6) 
Conversely, the vector v. in the x space transforms to the 
J 
3 
v. I e .. v. (A·7) J.. lJ J 
j 
The distance r, between two points A (X ,Y ,Z ) and A(X,Y,Z) 
000 0 
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on the mid-surface is 
r (A.8) 
The governing equations for shells of revolution are obtained by 
substituting the relationships given by Eqs. (A.2) into the general equations 
of shell theory given in Section 2.3.1. The equations are given below only 
for cylindrical and spherical shells. 
A.2. Qylindrical Shells 
Geometry 
For cylindrical coordinates (x,8), (see Fig. 10) the meridian is 
the straight line 
R R 
o 
where R is a constant. The x coordinate is the distance along a meridian 
o 
from some datum. ,From Egs. (A.2), (2.12) and (2.16) the following relation-
ships are obtained: 
'" A 1 B R 
0 
~ 0 k2 1 R 
0 
K 0 H 1 2R 
0 (A .10) 
Xl R'cos8, X2 R sin8, X = x 0 0 3 
ds = dx
2
+ R d8 2 
0 
dD R dxd8 
0 
The transformation matrix [e] is given by 
[e] [-s~ne cose 
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° 
cose 
sine 
The distance between points (x,e) and (x ,e ) on the mid-surface and its 
o 0 
derivatives are: 
r 
r 
x 
r 
z 
x-x 
o 
r 
R 
o (l-coscp) 
r 
r = ir + mr , 
n x. y 
R 
o . 
ry = r slncp 
ir - mr y x 
(A.12) 
where cp = e-e j (x,y,z) are the local right-hand cartesian coordinates, 
o 
x and y being tangents to the mid-surface and z normal to it. The outward 
normal n drawn from the bounding curve of the shell and lying in the tangent 
plane has the direction cosines (£,m,O) with respect to the local 
coordinates. 
Equilibrium Equations 
I 
With the aid of the above relationships, the equilibrium equations 
(2.13) for the cylindrical shell become 
3 l+V d du dV . 1 dw p 2 
'Tv + - ~ ("S::" - ~) + - ~ + -2 ox u~ ox Ro op C 
o 
o (A .13) 
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where 
The coordinate p is the arc length on a parallel circle of the cylinder 
(see Fig. 10). 
Deformations and stress resultants in terms of displacements 
By Eqs. (2.17) and (2.18), the following expressions are obtained 
for the strains and changes in curvatures of the mid-surface: 
em dV w em dV 
El =dX" E2 =dp+R E12 =dp+ dX' 
0 (A .14) 
Kl 
d2W 
.K2 
d2W 
K12 
d2W 
= --, 2' = dXdP dX2 dP 
The eight stress resultants are obtained by substituting Eqs. (A.14) into 
Eqs. (2.19) to (2.21). 
A.3. Spherical Sheils 
Geometry 
For the spherical coordinates (~,e) (see Fig. 11), the meridian 
(circle of radius R ) can be written parametrically as: 
o 
R = R sin~, 
o 
Z = R coscp 
o 
(A.15) 
From Eqs. (A.2) to (A.7) the following geometric relationships are obtained 
for spherical shells: 
,...., ,...., 
A R , B R sin~ 
0 0 
~ 1 ~ 1 R' R 0 0 
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Xl = R sincp cosB 0 
X = R 2 0 sincp sine 
X3 = R coscp 0 
~os<pcose coscpsinB -s~nd [e] = -sinB cosB 
sincpcosB sincpsine coscp 
r2 = 2R2[ 1 ... cos ( B -B ) s incps incp - coscpcosCPo] 
o 0 , 0 
R2 
~n = ~ [coscp sincp - cos(B-B )coscpsincp ] ~ r  0 
R2 
r B = 2 sin(B-B )sincpsincp roo 
(A .16) 
The matrix [e]transforms the (cp,e) system into the (X,Y,Z) system. The 
~uantity r is the chord between two points with coordinates (cp,e) and (cp ,8 ). 
00 
Equilibrium Equations 
The equilibrium equations for spherical shells expressed in terms 
of displacement' can be written in the form: 
'" "" "" Dll"U + D12 "Y +.D13
o w + PI = 0 
,...., '" "" D21 0u + D22 "Y + D23
0 w + P2 = 0 
'" 
,...., '" 
D31"U + D32 'Y + D33"W + P3 = 0 
where D;. are the differential operators given in Table 4. lJ 
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. strains and changes in curvature 
: (csc~ ~ + u cot~ + w) 
o 
1 . em dV 
R (csc~ ~+ ~ - v cot~) 
o 
(A .18) 
As in the case of cylindrical shells, the eight stress resi;tamts are obtained 
from E~s. (2.19) to (2.21). 
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APPENDIX B. 
EXPRESSIONS FOR QUANTITIES DERIVED FROM TEE AUXILIARY 
STATES OF STRESS FOR PLATES AND SHALLOW SHELLS 
B .1. General 
The expressions for the kernels of the integral equations for 
plates and shallow shells have been derived from the auxiliary states of 
stress in Chapter 3. They are listed in .section B.3. The kernels of the 
integral formulas for computing the interior stress resultants are given in 
Section B.4. In Section B.5 expressions are obtained for the kernels based 
on a modification of the fourth auxiliary state of stress. All the expres-
sions given in this appendix are for both plates (extension and flexure) 
and shallow shells. For plates the terms involving the curvature k are to 
be omitted. The kernels for plate problems are given separately in Tables 5 
and 6. For convenience the symbols used in the expressions for the various 
kernels are defined in Section B.2. 
B.2. Definition of Terms Appearing in the Expressions for the Kernels 
Elastic and Geometric Constants 
2 
a (I-v) b = 2 I+V 3-v I-V 
C Et Cl 
3-v 
--2 J 4rr(I-V) , I-V 
C2 
1 C3 -CC '47T' 1 
C4 
I-v 
- BTr D , C5 -Cl ' 
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t 2 t 2 D E d C 2 , = - =-12(1-V ) D 12 
dl 
I-V () 3-v [3+v- I-V A], d2 
l~v ) 
- - [l-v- (3+V A] 3-V 
d3 
I-v (l+V) (I-A) ;.." k2/~ 2- , 3-V 
I+v -6 I-v 
"I = 3-V J iJ. t 2 3-V. < , 
"II 1 + v;.." , 
12 
iJ.l = t 2 (1<-V) 
"1 2 = V + A , . iJ.2 
5+V 
3-v 
"13 = 1 + 2v;"" + ;.." 
2 
Quantities Involving the Derivatives of r 
2 2 2 k2 2 2 2 
r = (x-x) + (y-y )+ r.- [(x-x) + ;..,,(y-y ) ] 
o 0 Lf- 0 0 
x-x 
r = __ 0 
x r 
r ~ - ~ r(r2 + ;.."r2) 
z 2 x < Y 
r = ir + mr , 
n x y 
i r + m r 
o x 0 y 
o 0 
2 
- r 
. y 
PI = r r - r r n x t y J 
r y 
r t 
r 
1" 
'l 
= 
q = 1 
~ 
y-y 
o 
--
r 
ir - mr - mr y . x 
i. r - m r 
o y o x 
0 0 
2r r 
xy 
r r + rtrx n y 
plry + 'llrx 
'l3 = PIrt + 'llrn 
x 
(E.I) 
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dX A ?Jy A £ = dri= cos(n,x) :; m = dn = sin(n,x) 
A A 
£ = cOS(V,x) J n = sin(v,x) 
. (B.2) 0 0 
B.3. Expressions for Kernels of Integral Equations 
On the basis of four auxiliary stress states selected for the 
boundary value problems of plates and shallow shells (see Chapter 3), the 
expressions given below are obtained for the various kernels of the integral 
equations (4.23) and (4.25). The kernels for plates are obtained by setting 
k = 0 in these expressions. 
Displacement Kernels, K .. lJ 
K .. (u,v,w, _. dw) (i) lJ dn 
Kll log r' -
'Y 2 
,r 
x 
S2 = K2l - rr r x y 
K22 log rl - rr2 y 
IS3 
2 log r' = r 
IS4 -rr (1 + 2 n log r') 
K43 -rr (1 + 2 V log r') 
K44 2(r r n V + r t r1") log 
otherwise K .. = o. lJ 
Traction Kernels, J ij 
J;;;; = lJ 
(i,j = 1,2,3,4) 
! 
ri + 3 r r + rtr-r n V 
(i,j = 1,2,3,4) 
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Expres s ions for M .. 
J..J 
i = 1)2,., .. ,8 
j = 1}2,3,4 
r 2 
Cl ~ [1 - ,(2r +vp)] r y 
r 
M12 Cl ~ [v ,(2vr ;-P)] 
M31 
2 
-Clkrll-Lr log r' 
r 
Cl rX [V - r(2vr~ + p)] 
l-v r 2 C12 ~ [1 + r(2r +p)] r x 
M32 
l-V r 2 
- p)] = C12 2. [1 + r(2r r y 
M33 M34 0 
Mil M12 0, i = 4,5,6,7,8 
r 
M43 2C ~ 2 r 
M44 
1 (r r -r r t ) 2C2 2' 
r 
x n y 
r 
= 2C J.. 2 r 
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-C2[(1+V)(1 + log r') _ l;V p] 
C2 1 
-- [(l+v)r - ~ qr ] 
r n 2 t 
= -C 1-V q 
2 2 
C2 . 
- - (l-V)p r 
r t 
Expressions for L .. lJ 
(B.6) 
= C3 ~2 [(l+v+br;)Pl-br n (vprx +'lry) + ~ b'l'lll + k2?'ilJ.£I)3} 
C3 {:2 [l+v+Vbr:)'ll-brn(Vqrx-pry) + ~ qpll + k2rl ?'2!J.mK33} 
d 2 2 -2c3kr1~ - [2r +(l-v)(r-Kr)(r -rt )] r n n n 
L41 
L42 
L43 
L44 
L51 
L52 
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C3 i!2 [l+V+Vbr~)pl-brn(prX+Vqry) + ~ qq1J+ k2Y1Y2~£K33} 
= C3 t [(l+V+br;)ql-brn (qrx -vpry ) + ~ qJl1J + k2r;iJ.lIlK33} 
d . 2 2 -2C3k?'2~ - [2r +(l-v)(r -Kr)(r -rt )] r n n n 
= 0 
o 
r 
= -4C4k'Y ~ £ 2. 1 1 r 
r 
x 
-4C4k?' ~ m -2 1 r 
8C4 { 2 2 
- 2P3Kr} = ~ 3[(rn-rt)Pl-2rnrtQl] r 
P 
= 8C4 f 
r 
= -4CJ k?' ~ £ ...z 
-+ 1 1 r 
r 
= ·-4C4k?' ~ m ..L 2 1 r 
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. . 2 
C4k11~1£[2(1+v)logrr+3+V~2(1-v)ryJ 
C4kr2~lm[2(1+v)log r'+3+V-2(1-v)r~] 
C4 
= 2 ~ [2(Vr P3+r ~3) + (l+V)pJ 
r x Y 
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discussed in ·Chapters 4 and 5, are listed in Tables 7, 8, 9 and '.10 •. It was 
seen in Section 5.3.1 that the product V (4)w has a non-integrable 
n 
singularity at the point B on the boundary. The integral was treated by 
o 
using the fact that 
f V(4) ds n o. 
L 
For the alternative state of stress presented here, the principal value of 
the integral f v~4)WdS exists, so that th~re is no need to modify the 
numerical procedure as discussed in Section 5.3.1. The mo::lified fourth 
auxilia~ field is applicable only to a plate or shallow shell for which 
any· outward normal from its edge does not intersect the structure. This 
limitation is due to the fact that the displacement field is discontinuous 
along the outward normal. 
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C4kY11l1£[2(1+V)lOg r'+3+v-2(1-v)r
2] 
. Y . 
C4kY2Ilrm[2(1+V)log r'+3+V-2(1-v)r~] 
= -8 c4 {[.3-V _ (1-V)r2] p . - (r. -Kr) (vr P +r <1 ) 
r3 2 t 2 n x 3 Y 3 
- 2rnrt(ryPl-Vrxql)} 
C4 
= 2 ~ [2(Vr P3+r <13 ) + (l+v)pJ r x Y 
f") 
C4kY21l1m[2(1+v)log r' + 1 + 3v + 2(1-v)r;J 
- 8 C~ {[3;V - (l-v )r~}2 + (rn -IT) (r,J'3+vry Q3) 
r 
where 
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* Expressions for TI .. lJ 
* C5[rl1 x + vr21 Y 
k2 2 2 log r r ) ] TIll - - 'Y rr (1 + 
, 0 ' 0 
d 1 x 
* C5[r12,x + 
k2 
TI12 Vr22 Y - -- /" rr (1+2 log r')] 
0 ' 0 
d 1 2 Y 
* C5[r13 ,X + 
k? 2 1 ! ] 
II13 = Vr23 ,yo 
- ~ 'Y1'3r og r 
0 
* 
I-v (r11 + r 21 x ) II31 = c5 2 ,Y 0 ' 0 
* 
1-v (r12 Y + r 22 x ) II32 c5 2 
, 0 ' 0 
* 
1-v (r13 Y + r23 x ) II33 c5 -"2 
, 0 ' 0 
(B·7) 
r II,x 
o 
r I2,x 
o 
r I2,y 
o 
r I2 x 
, 0 
r l3 ,yo 
r23 x 
, 0 
r I"),Z .. ,. 
c../,.:t 0 
II4I 
II 42 = 
II 43 
II5I = 
IIC:0 
.J~ 
II53 
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r ) 2 2 
-4Ckr ~ 1 [p + (I~A (1-6r )r ] 
z r y x 
1 2 2 
= Ck r2 [dIP + d3 (1-4rx )ry ] 
..9... 2 Ck 2 [dl + d3r ] r x 
Ck ~ [d2 - d r~] 
r 3 Y 
I . 2 2 
= -Ck -0 [d1 P + dz (I-4r )r ] r~ ~ ../ Y X 
4CkYI P2 
r 
4Ck12 
L 
2 
r 
4Ck2Y3 
r 
x 
-r 
4CkYI 
.9-
2 
r 
-4CkY 0 -9.. 
c... 2 
r 
4Ck2y .:x. 
3 r 
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= 
= 
r 2 
-2Ck, ~ [1 + y - 2(1-v)r ] 2 r x 
= 
r 
ll72 -2Ck, -L [1 + v + 2(1-v)r2] 2 r x 
ll8l 2C(1-y)k'lr E y r 
IT 82 2C(1-v)k'2r E x r 
2 
ll83 = C(l-y)k '3q 
B.5. Expressions for Kernels Based on a Modification of the Fourth 
Auxiliary State of Stress 
(B.8) 
An alternative to the fourth state of stress used in the analysis 
for the construction of the integral equations (4.23) for the boundary value 
problems of plates and shallow shells (see Section 4.3) is presented in this 
section. Let us consider the state of stress resulting from a normal 
moment applied at a point B on the edge of a semi-infinite plate. The 
, 0 
displacement field resulting from this load is given in Ref. 36.· The kernels 
derived from this displacement field are presented below. 
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f"J 
Displacements: K4j ( ,.." ,.." ,.." f"J ) ( 4 ) u,v,w)B n 
"'" 
K42 = 0 
-2rr log r' + (l+v)rr sin-Ir 
V 1." 1" 
2(r r +rtr )log ri + 2r r 
n V 1." n V 
- (I+V)[ (r r -r rt)sin -lr - rtr"..] 
n 1." V 1" • 
'" 
-Ck(I+VA.)K43 J 41 
"'" 
-Ck(A.+v)K43 J42 = 
,...., 2(1-V)Cd ~ {Cl-v)(r r -r r )r J43 2 . t T n V n r· 
+ [4r r -2(I+v)r rt]r r 
n T V n ~ 
- [4r r r + 2 2 (l+v)(r -rt)r ]Kr n t T n V 
r 
"'" 2(I-v)Cd • -E: [(l+v)r r J44 + 2rt r T ] r ·n V 
Residual Surface Loads: 
-Ck'll[£olog r' - r r + (l+v)(m sin-Irt-r r )] 
V x 0 1" Y 
-Ckr2Tmolog r' - r r - (I+V)(£ sin-Ir -r r )] 
V Y 0 1" T X 
(B.IO) 
The various expressions and coefficients pertaining to the displace-
ments and tractions presented above, in addition to those for the kernels 
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discussed in ·Chapters 4 and 5, are listed in Tables 7,8, 9 and·lO. It was 
seen in Section 5.3.1 that the product V (4)w has a non-integrable 
n 
singularity at the point B on the boundary. The integral was treated by 
o 
using the fact that 
f V(4) ds n O. 
L 
For the alternative state of stress presented here, the principal value of 
the integral f 'If ~ 4) wds exis ts J so tha t th~re is no need to modify the 
numerical procedure as discussed in Section 5.3.1. The mo:iified fourth 
auxiliary field is applicable only to a plate or shallow shell for which 
any· outward normal from its edge does not intersect the structure. This 
limitation is due to the fact that the displacement field is discontinuous 
along the outward normal. 
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APPEN"DIX C 
APPROXIMATION OF KERNELS ON TEE BOUNDARY 
IN TEE NEIGFffiORHOOD OF A SINGUlAR roINT 
It has been pointed out in Chapter 5 that in order to evaluate 
the integrals on the boundary curve in the neighborhood of the singularity, 
it is necessary to express the kernels in power series of the arc length 
about the singular point. This is done in.this Appendix. 
The expressions in the kernels [J] and [K] are composed of the 
following functions and derivatives of the chord r: 
They can be expressed in terms of the intrinsic coordinates--curvature K and 
arc length s. Figure l7a shows the various geometric quantities related to 
the boundary curve. in the double interval, si_l S s < si+l· The angles, 
a = (~,x) ex (~,x) 0 
cp .= (~,r ) CPo (~,r ) 
.A A. (C.l) e (v,n) cp -cp 
0 
w (x,r) 
are measured counter-clockwise. For convenience, s is measured from the 
singular point B. The curvature at the point B at a distance s from B 
000
is given by the series, 
K(S) K' IT 3 +~s + ... (C.2) 
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where K and its derivatives on the right-hand side are to be evaluated 
at Bo' From the relationship, 
de dS K(S), 
the following are obtained: 
5 
8(s) J K(s)ds K' 2 K" 3 KS + - S + b S + 2 , 
0 
cose(s) 1 K
2S2 KK' 3 
= '- -- - - S + 2 2 
sine(s) K' 2 (K rr _K3 ) s3 = KS - -, S + b"+ 2 
s 
K2 3 KK' 4 
a(s) J cose (s )ds s-bs +-g-s + 
0 
s 4 
b(s) J sine(s)ds K 2 K' 3 + (K II -K3 ) s :::; "2 s - b S 24'+ 
0 
(a2+b'2)1/2 2 2 KK' s3 + res) = s(l- ~4 s - ~ 
1 1 2 2 KK' 3 
r2 
=- (1 + ~2 s + 12 s + ) 2 
s 
2 2 KK' ,3 log r :::; log /s / - (~4 s +~s + .. ) 
b K K' 2 (2K rr -K3 ) s3 r :::; - S + b S + 48+ V r 2 
2 2 KK! 3 a K 
r -- -1 + F s + 12 S + 
'T r 
where 
r 
n 
£(s) 
m(s) 
2 
r 
x 
2 
r y 
r r 
xy 
= 
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a 
sinB b cosB K' 
Kf 2 (6K"-~) 
- 2' s + - s + r r 3 
b . B 
2 2 KK' 3 a 
cosB 1 - K - + - Sln - s 12 s + r r 8 
2 2 s 
coset = £ + mKs + (mKf-£K ) -+ 2 
2 2 s 
sina = m - £1"S - (£KI +mK ) -+ 2 
2 [(£2_m2) ~ K'J 2 m - £mKs + ,em :3 s + •.. 
£2 + [ 2 2 ~2-£mrJ 2 £mKs - (£ -m ) s + 
£m - (£2 -m)Ks - [£m { (£_m2) fl 2 s + ... 
.. J 
coso: J 
o 
m sina 
o 
s3 
4E+ 
With the above result the kernels J . . and K .. (Appendix B.3) can be written 
1J 1J 
in the forms: 
N 
" K. . (s ) = \ (ex + ~ log s I ) S n 
1J !......J n. n 
J . . (s) 
1J 
n=O 
(c.4) 
In the neighborhood of the singularity (-h. 1 < s < h. 1) we retain only the 
1- - - 1+ 
terms up to the second degree (N = 2). The values of the coefficients an) 
~ ) a' and ~, are listed in Tables 9 and 10 for the second degree approxima-
n n n 
tion of the kernels. 
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APPENDIX D 
THE INTEGRAL EQUATION METHOD IN POTENTIAL THEORY 
The method of formulating the boundary value problems of the 
theory of elasticity is an extension of that in potential theory [27]. The 
equations of elasticity are analogous to those of potential theory, and 
therefore the techniques and theorems of this theory have proven useful 
in obtaining general solutions in elasticity. In fact, the integral 
equations for plate problems can be derived directly from Greens identities 
given in Section D.l [30]. Because of the parallel between the two theories 
muc~ of the preliminary research in this investigation was concerned with 
problems of potential theory whic'h includes such topics as the Dirichlet, 
Neumann and mixed problems for the Laplace equation, vF~ = O. Some of the 
concepts and problems in potential theory [26,40,44] which parallel those 
of plate and shell theories are giVen in this appendix. 
D.l. Green's Identities 
Let W and ~ be two continuous functions with continuous first and 
second derivatives in the closed region D + L. If we substitute P = -~ ~ 
and Q = 0/ ~ into Stokes' theorem: 
oX 
yr' (p ~ + Q ~)dS (D.l) 
L 
the result is Green I s first identity·: 
J J *vFcpdD + J J~. '7qldD = f * ~ ds , (D.2) 
D D L 
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where vF is Laplace operator, V the gradient operator and n the outward 
normal to the bounding curve L. If we interchange ~ and ~ in Eq. (D.2) 
and subtract the resulting equation from Eq. (D.2), Greenfs second identity 
is obtained: 
D L 
Let ~ be chosen as a fundamental solution ,to the Laplace equation for the 
plane region; that is, 
cp = log r 
(D.4) 
ifcp = 0 for r 1= 0 
where r is the distance between two points A and A in the region D. Since cp 
o 
is singular when A = A , we e~clude this point from the region by the 
o 
circular region D (of radius ,E, having center at A ). In the modified 
E 0 
region D-D , Eq. (D.3) becomes 
E 
but on L 
E 
hence 
J flOg r if1jJdD 
D_D E 
r 
n 
r 
1 
E 
log r 
f (log d~ r dn -
L 
I d + log r ~ ds 
L 
E 
log E, ds 
r 
\jr -E.) ds' 
r 
-f r n (D·5) \jr - ds r 
L 
E 
f 
L 
E 
f 
L 
E 
r 
n W - ds 
r 
dW log r ds dn 
1 
E 
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2rr J 1/r EdB 
o 
27r 
= log EJ dW Ed8 dil 
o 
(D.6) 
* where (f) denotes the mean value of the function f on L. Thus, in the 
E 
limit as E ~ 0, Eq. (D.5) becomes 
2-rr!r(AO ) + f 1/r :n ds - f ~ log r ds =J J (vF1/r)log r <ill 
L L D 
which is Green's third identity., 
For A on L (A = B ), 
o 0 0 
Lim 
E -7 0 f 
L 
E 
r 
n W - ds 
r 
-rrW(B ) 
o 
For A outside of the regionD + L, r is never equal to zero, therefore ~ is 
o 
non-singular in the region. We therefore have the following integral equation 
from which the unknown boundary values can be calculated: 
where 
J\t(p) + f t(B)J(P,B)ds - f ~ 1/r(B) K(P,B)ds 
L 
2rr for P==A in D 
0 
r... rr for P == B on L 0 
F(P) 
0 for P == AI not in D + L 
0 
(D.B) 
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K(P,B) log r , r distance PB 
J(P,B) cos(n,r) dr cos(nJr) r dn = r n 
F(P) J J [ifljr(A) 1 K(P,A)d.D 
D 
D. 2. Boundary Value Problems of Potential Theory 
If * is harmonic (vF* = 0) the~ F = 0 and the boundary value 
formula, E~. (D.8), expresses * in terms of its value and the value of its 
normal derivative on the boundary. In a properly posed potential problem, 
only one of these is specified at each point on the boundary. The solutions 
of the Dirichlet and the Neumann problems of potential theory can be 
obtained directly from E~. (D.7). 
Dirichlet Problem 
? V'* = 0 inD 
on L 
Solution: 
where 
Neumann Problem 
if* = 0 in D 
~ gl(s) on L 
(D.IO) 
(D. II) 
Solution: 
where 
rr1jr(so) + f jr(s) cos~n,r) ds 
L 
f gl (s) log r ds 
L 
Mixed Problem 
if\jr = 0 in D 
\jr = fl(s) 
! = f2(s) 
Solution: 
where 
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r 
= r cJ g(s ) ffJlog r dS 2 fl .12. ds -0 v . '- r 
L2 Ll 
_ f 1 for s E L2 
0 
- ,1 0 for sELl 
The particular integral} 
(1-0 )f1 (s 0) 
F(A) ~ J J f(A)log r (A,Ao)dDA 
D 
satisfies the Poisson e~uation 
f 
(D.12) 
(D.13) 
(D.14) 
(D.15) 
(D.16) 
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APPENDIX E 
EVALUATION OF ELASTIC POTENTIALS AT 
POINTS OF SINGUIARITY 
The values of the line and surface integrals at the points of 
singularity of the auxiliary states of stress have to be determined in 
order to make the reciprocal equation (4.7) valid throughout the region 
D+L. Let the singular point (A in the interior or B on the boundary) be 
o 0 
isolated in the small circular region D with radius E and center at the 
E 
Singular point. The expressions for the auxiliary displacements and tractions 
on the boundary of this ,region are given in Table 7. It is assumed that the 
density functions are expressible in Taylor series about the Singular point 
in the form: 
f f + f r cose + f r sine + ... 
o x y (E.I) 
The values of elastic potentials at the point of singularity are the limits of 
the line and surface integrals,Eq. (4.8) to (4.11), as E approaches zero. 
E.l. SingQlarity at Interior Point A , (Fig. 14a) 
o 
For the elastic potentials of the first kind 
F. (A ) 
J. 0 
it is obvious that 
2trE fJ J Kik(r,e)rdrde 
o 0 
(E.2) 
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Therefore 
F. (A ) 
l 0 
o (E.4) 
For the surface potential of the second kind, we have 
where Dik are the differential operator for the problem. See Tables 1 to 4. 
Since the surface loads r' k are in equilibrium with the boundary tractions l . 
-v. (A ) 
l 0 
Lim f U.J .. ds I I UJ1:kdD E -4 0 + . J ·lJ 
L D E E 
27T 
Lim r ~[u(O) (0) 
E -4 0 J l.. 1 + O(E)]Jil + [U2 + 0(E)]Ji2 
0 
+ [u(O) + U(O) ECOSe + u
3
(0) Esine + 0(E2)]J'
3 3 3,x ,y l 
+ [U~O)cose + u~O)sine + O(E)]Ji4} EdB (E.6) 
where the superscript (0) indicates that the quantity is evaluated at the 
singularity. With the relationship given by Eqs. (3.8), (3.10) and (3.21), 
in the limit Eq. (E.6) becomes 
v. (A) = 2Tr /\.5 .. U . (A ) 
l 0 J lJ l 0 
where 
219 
1-..1 1-..2 -2C 
l-V 
3-v 
1-..3 1-..4 4D 
o .. {; for i j lJ for i f j 
E.2. Singularity at Boundary Point B J (Flg. 14b) 
a 
It can be assumed that the singularities in the auxiliaL'j fields 
are due to point loads Q .. acting at B. It is necessary to find the 
lJ 0 
magnitude of these loads in order to give meaning to the elastic potentials 
at the point B. To this end, let us consider the equilibrium of the element 
o 
bou,nded by the curves Land L (see Fig. 14b). The curve L (part of 
E s s 
actual boundary L) is assumed to'beof constant curvature Kj L has radius E. 
E 
The forces acting on the element are the boundary tractions, the concentrated 
load at Bo and the transverse reactions related to the twisting moment M
nt , 
R 
o 
A 
(E.8) 
at the corners 0 and 0'. For convenience it is assumed that normal V is in 
the x direction (a = 0). From Fig. 14b it is seen that the line integrals 
o 
can be written in the form 
el t31 f fds J fl (K,S) de J f 2 .(e,t3) Edt3 (E.9) = - + K 
-8 1 -t3 1 
where e l t31 
1 (rr- KE ) = KE, =2" 
220 
sinel KE + o( E3) 
cose l 
2 1 + o( E ) 
el 2 KE o( E2) (E.IO) cot - = - - + 2 KE 12 
cost31 
81 KE o( E3) sin - = -+ 2 2 
sint31 
el 1 + O( E2) cos 2 
Resultants of In-plane Forces 
Using the expressions for the tractions on Land L given in 
E S 
Tables 14a and 14b, the resultant in-plane forces in the x and y directions 
are: 
t31 e l 
{ J 11 ds C
f r 2 r (1+bsin2 ~) de Qll = = 2-;::- (l+bcos (3)Edt3 + CIK -v ...J-..J- C. V oJ c:.. K 
0 0 
b 81 1 2C T (1 + -) (t3 + -) = 2rrC -.-:.:i.. 2 1 2 I-V 
(E.11) 
= [' 
~J o 
since J12 is symmetric about the x axis. In a similar fashion, we find 
(E.12) 
Q
22 
2iTC I-V 
3-v 
22l 
Resultants of Transverse Forces 
However, 
Therefore, 
Similarly 
f (i) Q'3 = J· 3dS + (R + R I) l l 0 0 
f J 33dS 
M(3) 
nt 
(3) 
(R + R !) 00 = 
f3l Bl 
r 4D Edf3 2 J DK[ 2+(1-v) cosB] 
-2 J E 
a a 
-4D(2f3l +Bl ) - 2D(l-v)sinBl 
-J.nrD + aCE) 
{~D(l-V)SinB on L on LE s 
2D(l-v)KE 
2~ (3-v)cosf3Edf3 
E 
dB 
-K 
Bl 
J DK2 2 ex de -2 - [(l+v)csc - - 2(l-v)cosB] -2 . 2 K 
a 
= 4D (3-v) - 2KD ~ (l+v) + aCE) 
E KE 
(E.l3) 
(E.l4) 
(E.l5) 
(4) 
(R + R I) 
o 0 
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D 
- 8 - (I-v) + D(E) 
E -
If these are substituted into E~. (E.13), we obtain 
Resultant Moments 
A 
The resultant moment about the ~ axis is given by 
Bl 
Qi4 = J (Ji4coSB 2 . 2 B) dB - - J Sln 2' -K i3 K 
-B 1 
t31 2 J (Ji4-EJi3)cOS~Edt3 + (R +R )(i) KE + o 0' 2 
-~ 1 
(E.16) 
(E .18) 
By substituting the values for the tractions from Table 14b into E~. (E.18) 
we obtain 
t31 
J~I 4D . 2 2 Q44 = -2 T cos f3Edf3 + o( E. ) (E .19) 
o 
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""-Since the tractions are distributed symmetrically about the v axis it is 
obvious that there is no resultant moment about this axis. 
'f' . (B ) 
l 0 
(i,j = 1,2,3,4) (E.20) 
The quanti ties "". and 5. . have been defined in Eqs. (E. 7) . 
l lJ 
,.... 
The singularity coefficient ""4 ,for the modified fourth auxiliary 
state of stress presented in Section B.5 is determined in a similar manner. 
It is found to be 
(E.21) 
,.... 
If the modified state of stress is used, then ""4 is replaced by ""4 in the 
analysis. 
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APPENDIX F 
INTEGRAL EQUATIONS FOR TEE BOUNDARY VALUE PROBLEMS 
OF PLATES AND SHALLOW SHELLS IN MATRIX FORMS 
The static boundary value problems of elastic plates and shells 
have been formulated in terms of integral equations in Chapter 4. The 
integral equations are given here in matrix forms. 
Plate Extension: 
(F.I) 
PIa te Flexure: 
(F.2) 
Plate on Elastic Foundation: 
U3 J 33 J34 r33 U3 1)3 K34 K33 T3 
L~J U4 +J{ J 43 J 44 r43 U4 K43 K44 K43 T4 } {as} = 0 u* J 33 J 34 * u* K33 IS4 K33 P3 3 r33 3 
(F.3) 
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U1 311 31 
0 0 r 1l r 12 r13 Ul 
U2 321 32 
0 0 r 21 r 22 r23 U 2 
LA] , 
U3 
+J{ 
331 332 333 334 r31 r32 r33 
U3 
U4 3 41 
342 3 43 3 44 r 41 r 42 r43 
U4 
U* 311 312 0 0 
* * * U* 
1 r ll r 12 r13 1 
U* 321 322 0 0 * 
* * U* 
2 
r 21 r 22 r23 2 
U* 331 332 333 334 * 
* 
* u* 3 r31 r32 r33 3 
~1 KJ.2 0 0 Kll IS. 2 0 Tl 
K21 K22 0 0 K21 K22 0 T2 
0 0 K33 IS4 0 0 IS3 T3 
} {dS} 0 0 K43 K44 0 0 K43 T4 = 0 
Kl1 KJ.2 0 0 ~1 Kl2 0 PI 
K2l K22 0 0 K21 K22 0 P2 
lO 0 K33 K34 0 0 K33J l P3 J 
(F.4) 
The expressions for the elements of matrices [3], [K] and [rf for 
plates and shallow shells are listed in Appendix B. The diagonal matrix [ A J 
and the vector {dS} are defined in Section 5.5· 
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APPENDIX G 
:EXACT SOLUTIONS OF CERTAIN BOUNDARY VALUE 
PROBLEM:S OF PLATES AND SHALLOW SHELLS 
In Chapter 6, approximate solutions are sought for a number of 
boundary value problems for plates and shallow shells which have the 
following displacement functions as exact solutions: 
where 
a l 
2 3+v a 2 
3-v 0 
b l 
3-5v 
5-V 
cI 
9+v 
3-v 
dl 6 
3 4 4 3 3 
- - (x -y ) - 7(x y+xy )] 2 
a 2 
7+3v a 2 
3-v 0 
. b 2 = 
7+3v 
- 3-v 
c2 
1+5v 
3-v 
d2 2 
(G.l) 
The surface loads and bounda~J tractions or displacements, which 
result in this displacement field for various plate and shell Shapes, can be 
determined by means of the equations in Chapter 2. In this way we can 
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consider problems involving several planforms and shell curvatures which 
have the same displacement field for their solutions. 
The stress resultants at an interior point (x,y) derived from the 
displacement field,Eqs. (G. 1) , are as follows: 
N 
x 
N y 
N 
xy 
M 
x 
M 
Y 
= Sl(x,y) 
= S2(x,y) 
= S3(X'Y) 
Surface loads, Pk 
= Cl [(2bl +vd2 )x + (2vc2+d1 )y] + C"k/lw 
= C1[(2vb1+d2 )x + "(2c2+vdl )y] + Ck'l2w 
= Cl l;V [(2b2+d1 )x + (2c1+d2 )y] 
The surface loads necessary to produce the stress state are: 
(G.2) 
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-Ckct 2wo 2 3 3 2 ~'-""-4- [(13x-Sy )a
o 
+ 6y ~ 7(x +3xy ) J 
a 
o 
For plates k = 0, therefore, 
p =p =p =0 
1 2 3 
Boundary values for various problems 
Displacements 
(G.4) 
The values of the displacements on the boundary curve defined 
parametrically by x = ~, y. = .11, s = s (~ , Tj) are as follows: 
Ul = fl(s) u(~,Tj) 
U2 = f2(s) v(~,Tj) 
U3 = f 3 (S) w(~~Tj) 
U4 = f 4(s) - [ iw , ~ ( ~ , Tj ) + mw (s,Tj)] . ,Tj 
Tractions 
The corresponding boundary tractions are: 
Tl = gl(s) = £Sl(s,Tj) + mS3 (S,Tj) 
T2 = g2(s) = mS2 (S,Tj) + IS3(g,Tj) 
T3 = g3 Cs ) = £[S4(S,Tj)+S8,Tj(s,Tj)] + m[86 Cs ,Tj)-SS;sCS,Tj)] 
() 2 2 T4 = g4 s = i 86 (s ,Tj) + m S7(S,Tj) + 2£mS8Cg,Tj) (G.6) 
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A 
The direction cosines (£,m) of the outward normal n are computed directly 
from the input coordinates (x.)y.) of the boundary curve. 
l l 
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APPENDIX H 
OUTLINE OF COMrorER PROGRAMS 
Two Fortran IV computer programs (for use on the IBM· 360-75 
computer) have been written for the approximate analysis of plates and 
shallow shells by the integral equation method developed in this study. 
One program deals primarily with shallow shell problems, but can be used 
for plate problems by setting the curvatures (kl and k2 which are input 
quantities) to zero. The other program handles only plate problems including 
both flexure and in-plane action. The latter program utilized the fact that 
the flexure and in-plane actions are uncoupled} so that from the point of 
view of computer time, the second ·program is more efficient than the first 
for solving plate problems. The programs are fairly general since they 
treat the planform, shell. curvatures, elastic parameters, boundary values 
and surface loads as input. 
One block diagram is presented for both programs in Fig. H.l, since 
they both consist of essentially the same algorithm. A brief description is 
also given here of the principal components of the programs as shown in the 
block diagram. The names written in upper case are names of subroutines 
(underlined) or of variables used in the programs. 
DEse reads in and prints a description of the problem to be 
analyzed, TITLE (I). The type of boundary condition is 
defined by KEY (r) with U and T representing displacement 
and tractions, respectively. For example, "UUUUtl·means that 
all four components of the displacement vector (U} are specified 
on the boundary of a shell; tI •• UT" says that the transverse 
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displacement wand normal moment M is specified at the edge 
n 
of a plate in flexure. In DESe certain elastic and geometric 
constants are also computed. 
~ reads in (or generate for special shapes) the primary input 
data: Node points (XO(I), YO(I)), (XP(J),YP(J)), the boundary 
values BV(K,I), and the surface loads PLD(L,J). INPUT also 
computes the arc length DHN(I) between boundary nodes, the 
direction cosines DXN(I), PYN(I) of the outward normals and 
the curvature CURV(I) of the bounding edge at the node points. 
KERNEL computes the coefficients BK(K,L,J) and AJ(K,L,J) of the 
matrix equations which approximate the integral eCluations. 
KERNEL calls the following quadrature subroutines: 
NLINE for the treatment of the non-singular line intervals 
SLINE for the treatment of the singular line intervals 
NSURF for the treatment of the non-singular surface elements 
SSURF for the treatment of the singular surface elements. 
MATRIX selects the coefficient A(I,J) and computes the free terms 
F(I) for the matrix eCluation 
[AJ (Z} = (F} (Hal) 
for the problem being considered. 
SOLVE solves the matrix equation (H.I) for Z(J) by the Gauss 
elimination procedure. 
BVAL assigns the values BV(K,I) and Z(J) to the appropriate quantities 
(bdundary displacements U(K,I), boundary tractions T(K,I) or 
interior displacements UP(L,J)). 
COMPD and COMPS are Cluadrature subroutines which compute the five com-
ponents of displacements SUMU(K) and eight stress resultants 
SUMT(L) at any interior point X,Y. 
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r--------------
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I 
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I 
I 
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I 
I 
I 
I 
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I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
\ OESCR: Problem 
description, type 
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INPUT: Read in or 
boundary 
I 
\ 
genera te 
data j NSURF: Treat 
non-singular ~------~------~ non-singular 
NLINE: Treat 
I...-l_in_e_i_n_t_e_r_v_a_l-..J~ KERNEL: ' / surf. element 
V Generate kernels < SLINE: Treat singular 1 ine 
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coeff. matrix, 
free terms 
Solve system of 
algebraic equations 
BVAl: 
Boundary displace-
ments and tractions 
r-- - -- - -------
I \ <: I l Read in x,y 
~ SSURF: Treat 
singular surf. 
element 
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I I 
END 
FIG. H.1. BLOCK DIAGRAM FOR THE COMPUTER PROGRAMS 
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